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Preface

This volume consists of the proceedings of the 28th International Conference
on Applications and Theory of Petri Nets and Other Models of Concurrency
(ICATPN 2007). The Petri Net conferences serve as annual meeting places
to discuss the progress in the field of Petri nets and related models of con-
currency. They provide a forum for researchers to present and discuss both
applications and theoretical developments in this area. Novel tools and sub-
stantial enhancements to existing tools can also be presented. In addition, the
conferences always welcome a range of invited talks that survey related do-
mains, as well as satellite events such as tutorials and workshops. The 2007 con-
ference had five invited speakers, two advanced tutorials, and five workshops.
Detailed information about ICATPN 2007 and the related events can be found
at http://atpn2007.ap.siedlce.pl/.

The ICATPN 2007 conference was organized by the Institute of Computer
Science at the University of Podlasie and the Institute of Computer Science of the
Polish Academy of Sciences. It took place in Siedlce, Poland, during June 25-29,
2007. We would like to express our deep thanks to the Organizing Committee,
chaired by Wojciech Penczek, for the time and effort invested in the conference,
and to Andrzej Barczak, for all his help with local organization. We are also
grateful to the Offices of the Siedlce County Governor and Siedlce City Mayor
for their suppport of the local organization.

This year we received 70 submissions from authors from 29 different coun-
tries. We thank all the authors who submitted papers. Each paper was reviewed
by at least four referees. The Program Committee meeting took place in Lei-
den, The Netherlands, and was attended by 20 Program Committee members.
At the meeting, 25 papers were selected, classified as: theory papers (17 ac-
cepted), application papers (5 accepted), and tool papers (3 accepted). We
wish to thank the Program Committee members and other reviewers for their
careful and timely evaluation of the submissions before the meeting. Special
thanks are due to Martin Karusseit, University of Dortmund, for his friendly
attitude and technical support with the Online Conference Service. Finally, we
wish to express our gratitude to the five invited speakers, Samson Abramsky,
Sadatoshi Kumagai, Antoni Mazurkiewicz, Andrzej Tarlecki, and Karsten Wolf,
for their contribution to this volume. As usual, the Springer LNCS team provided
high-quality support in the preparation of this volume.

April 2007 Jetty Kleijn
Alex Yakovlev
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Petri Nets, Discrete Physics, and Distributed
Quantum Computation

Samson Abramsky

Oxford University Computing Laboratory

Abstract. The genius, the success, and the limitation of process calculi
is their linguistic character. This provides an ingenious way of studying
processes, information flow, etc. without quite knowing, independently
of the particular linguistic setting, what any of these notions are. One
could try to say that they are implicitly defined by the calculus. But
then the fact that there are so many calculi, potential and actual, does
not leave us on very firm ground.

An important quality of Petri’s conception of concurrency is that it
does seek to determine fundamental concepts: causality, concurrency,
process, etc. in a syntax-independent fashion. Another important point,
which may originally have seemed merely eccentric, but now looks rather
ahead of its time, is the extent to which Petri’s thinking was explicitly
influenced by physics (see e.g. [7]. As one example, note that K-density
comes from one of Carnap’s axiomatizations of relativity). To a large
extent, and by design, Net Theory can be seen as a kind of discrete
physics: lines are time-like causal flows, cuts are space-like regions, pro-
cess unfoldings of a marked net are like the solution trajectories of
a differential equation.

This acquires new significance today, when the consequences of the
idea that “Information is physical” are being explored in the rapidly de-
veloping field of quantum informatics. (One feature conspicuously lacking
in Petri Net theory is an account of the non-local information flows aris-
ing from entangled states, which play a key role in quantum informatics.
Locality is so plausible to us — and yet, at a fundamental physical level,
apparently so wrong!). Meanwhile, there are now some matching devel-
opments on the physics side, and a greatly increased interest in discrete
models. As one example, the causal sets approach to discrete spacetime
of Sorkin et al. [§] is very close in spirit to event structures.

My own recent work with Bob Coecke on a categorical axiomatics for
Quantum Mechanics [5], adequate for modelling and reasoning about
quantum information and computation, is strikingly close in the formal
structures used to my earlier work on Interaction Categories [6] — which
represented an attempt to find a more intrinsic, syntax-free formulation
of concurrency theory; and on Geometry of Interaction [I], which can be
seen as capturing a notion of interactive behaviour, in a mathematically
rather robust form, which can be used to model the dynamics of logical
proof theory and functional computation.

The categorical formulation of Quantum Mechanics admits a striking
(and very useful) diagrammatic presentation, which suggests a link to

J. Kleijn and A. Yakovlev (Eds.): ICATPN 2007, LNCS 4546, pp. 1-IZ 2007.
© Springer-Verlag Berlin Heidelberg 2007
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geometry — and indeed there are solid connections with some of the
central ideas relating geometry and physics which have been so prominent
in the mathematics of the past 20 years [3].
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Autonomous Distributed System and Its Realization by
Multi Agent Nets

Sadatoshi Kumagai and Toshiyuki Miyamoto

Department of Electrical, Electronic and Information Technologies
Osaka University
Suita, Osaka 565-0871, Japan
kumagai @ei . eng. osaka-u.ac.jp

Abstract. Autonomous Distributed Systems (ADS) concept plays a central role
for designing, operating, and maintaining complex systems in these ubiquitously
networked society. Design objectives such as optimality, reliability, and
efficiency are renovated according to this system paradigm. Petri nets and its
related models provide one of the most concrete basis for realizing ADS to cope
with their nondeterministic, concurrent, and asynchronous behavioral features.
On the other hand, autonomous decisions by distributed units based on their own
interests should be coordinated with total system objectives. Multi Agent Nets
are Object-Oriented Colored Petri Nets for implementing autonomous intelligent
units and collaborating actions among distributed units. Here in this paper, the
realization of ADS by Multi Agent Nets are described through several industrial
applications and prototyping that shows paramount versatility of the approach to
hardware-software distributed systems encountered in wide variety of
engineering problems.

1 Introduction

The history of human beings can be seen as a struggle how to organize the society
where individuals tend to enjoy freedom as much as possible. The innovation of
systems for organizing such human society has been rather trial and error and there
could not find any unilateral evolution in the process. It has been observed that the
modern society had based its strength and efficiency on centralized governmental
systems. However, from the beginning of 70’s since the invention of micro processors,
we can readlize that al aspects of the society have been changed drastically such as
globalization on one hand and diversity of individuals the other. The characteristics of
post modern industrial society changed accordingly where agility, flexibility, and
robustness are key of core competence. We can say these era as the third industrial
revolution as Alvin Toffler correctly cited in hisbook, “The Third Wave”, in 1980. The
most significant impact of this innovation, especially on the industrial society, is the
enforcement of individual operating units equipped with sufficient information
acquisition and processing abilities. On the other hand, the organization extends its
scale and complexity without bounds through information and communication

J. Kleijnand A. Yakovlev (Eds): ICATPN 2007, LNCS 4546, pp. 2007.
© Springer-Verlag Berlin Heidelberg 2007



4 S. Kumagal and T. Miyamoto

technologies (ICT) and rigid centralized control of the total system has been more and
more difficult or even obstacle. In Japan, reflecting these tendencies, the intensive
research project, called “Autonomous Distribution”, funded by Ministry of Education
beganinlate 80's. The author was one of the participants and took arolein prototyping
the communication architecture and formal analysis of Autonomous Distributed
Systems (ADS). Theoretical results such as structural characterization and reachability
for live and bounded free-choice nets obtained in [1,2] are by-products of this project.
Consecutively to this project, the international research project, called “Intelligent
Manufacturing Systems’, funded by Ministry of Trade and Commerce of Japan, has
begun in 1992. In this project, we advocated Autonomous Distributed Manufacturing
Systems (ADMS). ADM S are composed of variety of autonomous production unitsand
these units can collaborate with each other through communication links to fulfill
overall system tasks without any centralized control mechanism. The key features of
ADS such as agility, flexibility, and robustness are emphasized in ADMS in addition to
its scalable maintainability to cope with product variations of short life cyclein smaller
quantities. Asamodeling framework, we proposed Multi Agent Nets (MAN) which are
implemented among a distributed environment for various applications. MAN is a
nested Colored Petri Nets embedded in a Object-Oriented programming similar to other
Object-Oriented nets such as in [3,4]. Comparison of these modeling approach were
made in [5]. Formal approach for nested Petri nets was originated by Valk and Moldt
[6]. Herein this paper, the key concepts of ADSissummarized in Section 2. In Section
3, main features of MAN isexplained. In Section 4, the software environment for MAN
to be executed in distributed computersis described. In Section 5, we introduce several
industrial applications of MAN to show the versatility of the approach to ADS
realization. Section 6 is the conclusion.

2 Autonomous Distributed System Paradigm

ADS s asystem composed of distributed autonomous agents (units) where each agent
is provided with at least following six capabilities required in the sequence of decision
and action process.

1. recognition of whole or partial state,

2. intent proposal based on self interest,

3. total evaluation of the expected results of the intention considering the proposals
by other agents,

action based on the final decision,

timely communication with other agents,

learning for improving decision and collaboration strategies.

o 0 kA

According to target applications, above functions are specified more precisely, but
the fundamental feature of ADSisaniteration of step (2) and step (3) to reach the final
consensus and decision that leads to the real action taken by individual agent in step (4)
at each time point. Comparing with a centralized system, a drawback of ADS existsin
thisiteration process, and the efficiency of ADS depends on how quickly the consensus
can be obtained among the participated agents.
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In the evaluation step (3), each agent must take into account the total optimality and
not just an individual interest. In some cases, the decision must be made against own
interest. In this sense, we can call the ability in step (3) as a collaboration capability. In
many applications, one or two iteration is enough to reach the final decision at each
time point because of the simplicity of the negotiation mechanism. In other words, we
only need collaborative agents with the common “world view or value’ for the
objectives of the problem. The learning functions in step (6) speed up the decision
process avoiding negotiating iteration steps. Notwithstanding the above drawback,
ADS has the obvious advantages such as (1) Flexibility, (2) Adgility, and (3)
Robustness. Flexibility includes the maintainability and scalability both in design and
operation of the system. Frequent changes of the specifications or requirements of the
system do not affect the basic architecture of ADS but only require the modification of
the function, or simply the number of agent. We do not need to redesign the total system
but just need to redesign the function of agent, or just to increase or decrease the
number of agents according to the scale change. Behavior of ADS is inherently
asynchronous and concurrent. Each agent can act based on its own decision, so agility
isakey feature of ADS whereas the time controlling centralized systems cannot realize
such autonomous behavior. Like as the scalability of ADS, plug-in and plug-out of
agents are flexible so that adamage of a part of agents does not necessarily result in the
total system down. The performability is maintained more easily by the remaining
agents’' efforts. It impliesthe Robustness of ADS whereas the centralized counterpart is
usually quite vulnerable.

3 Multi Agent Nets

A multi agent net model was shown as a description model for ADS's in [7]. The
objective of the model is to design a system, to simulate on the model, to analyze
properties of the system, e.g., performance or dead-lock freeness, on the model, and to
control the system by the nets. The model can be used from a design phase through the
real time control with application oriented modifications. In ADS's, each system
module has its own controller to decide own behavior. In the multi agent net model, a
systemisrealized by a set of agent nets, and each agent net represents one component
of the system. We call the component an agent, and its net representation as an agent
net. Behavior of each agent is represented by the net structure of an agent net. Each
agent net is an extended colored Petri net (CPN). Figure 1 is an example of the multi
agent net. The figure shows a simple communication protocol. A sender sends a
message and a receiver replies an acknowledge. When there are one sender and one
receiver, the systemis represented by a multi agent net with three agent nets. The agent
net with CLASS protocol on their left shoulder is the system, and manage the number
of senders and receivers and their interactions.

In the multi agent net, interaction between agents is activated by a communication
among agent nets, i.e., a rendezvous of agent nets. The agent net with CLASS sender
and receiver describe the behavior of sender and receiver, respectively. Agent nets
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CLASS protocol

y.message(x) | xz.ack(y) '
C(p,)=sender C(p,)=receiver

CLASS sender CLASS receiver

ack

Fig. 1. A Multi Agent Net

belonging to the same agent class have the same net structure, and an agent net is called
an instance of the agent class. Each instance hasits own net and state, and instances are
differentiated by their own ID number.

In amulti agent system, it is undesirable that a change in an agent needs changesin
other agents to keep consistency among agents. In order to avoid the propagation, the
multi agent net should be based on the object-oriented methodology like [3,4]. Thus,
each agent net has two parts: an interface part and an implementation part, and other
agent nets are allowed to access only the interface part [7]. This access restriction
technique iswell known as encapsulation. In the interface part, methods and their input
places and output ports are specified on the agent net. Such a place is called an input
port (of the method). The implementation part is a net structure without any methods
and arcs to methods. A method represented by a bold bar is a fictitious node only
expressing an action provided for the requirement of other agent nets. To execute the
action, the agent must get tokens in the input places of the method. In Figure 1, a
method is represented by a black-filled box, and arcs from input places are drown by
dashed arrows. For example, the net “sender” provides a method ack, and the net
“receiver” send an acknowledge message via this method. Note that the
implementation part is encapsulated from outside. That is, designers of other agent nets
can only see that sender provides a method ack and its input place is p4. By using this
encapsulation technique, any side effects of changing agent net structure can be
reduced or neglected. Note that ordering relations with respect to method call should
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carefully be examined, since disregards of ordering of method call may cause the
deadlock of the system when an agent net has plural methods. In the multi agent net
model, each agent class hasits own color, and it isallowed that an agent net residesin a
place of another agent net as a token [7]. This extension allows us a hierarchical
structures in Petri nets. We call it a recursive structure. In Figure 1, the agent net
“sender” has its color “sender”, and the color specified to place pl in the agent net
“protocol” isalso “sender” specified by C(pl)=sender. That isthe token in the place p1
in the net “protocol” isthe net “sender”. Actualy, the token has a reference to the net.
In this case, the net “protocol” is called an upper-level net, and “sender” is called a
lower-level net. Note that there exists an agent net for each token, where the map need
not be a bijection. Thus we can consider that the net structure of the lower-level net is
one of attributes of the upper-level net, and its marking isthe value of the attribute. One
of the advantages of this extension isthat treating a net as a token enables us to change
the number of agents easily. That is, by changing the number of tokensin the agent net
“protocol”, we can change the number of senders and receivers arbitrarily. A multi
agent net can provide reuses of design resources by inheritances and aggregations of
classes|[7]. When class B inheritsclass A, class A iscalled a super-class of class B, and
class B isasub-class of class A. Aninheritance of a classimplies the inheritance of its
color, namely we can say that class B is class A. Therefore, when the classes have
colors A and B respectively, atoken is specified in a place p1 with C(p1)=A, whether
the token impliesa net in class A or class B. The reverse, however, isnot true. That is,
when C(p2)=B, atoken that implies a net in class B can exist in p2, but a token that
impliesanet in class A can not exist. An inheritance and an aggregation of a class are
done by copying nets of the super-class. Designers can change a part of the net when
the part is copied from the super-class, so long as methods and ordering relations with
respect to method calls are kept unchanged. Besides of these extensions including
obj ect-oriented methodol ogy, we need to provide intelligence on agent nets by putting a
program code on a place or atransition in addition to guards or arc expressions. Such a
program code is called an action on a place or a transition. An action on a place is
executed when a token is put into the place, and an action on a transition is executed
when the transition fires. In order to make program more flexible, agent nets can hold
attribute variables. For example the ID number of each agent net, which we mentioned
in the previous paragraph, is one of such variables. We can use these variables
anywhere in an arc expression, a guard on a transition or in an action. Intelligent
decision of each agent can be expressed in these program codes. For the use of real time
applications, two kinds of notions of time are introduced into the multi agent net model:
atransition invalid time and a token invalid time. Each value is given by an integer
number. The transition invalid time inhibits transition firing. A transition with this
invalid time cannot fire during that period, once it fires. The token invalid time inhibits
use of tokens. A transition can put thisinvalid time to its output token when it fires. The
token cannot be used during that period. We assume that there is unique clock in the
system, each transition fires according to the clock. When any invalid timeis not given,
a transition can fire with zero delay and it can fire again in the same clock if it is
enabled, and the succeeding transition can fire with the token in the same clock.
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4 Software Environment for the Multi Agent Nets

A software environment for the multi agent nets is shown in Fig. 2 [8]. It consists of
three tools and class libraries as follows:

Net Editor: GUI for editing agent nets

Analyzer: It analyzes consistency between agent nets.

Composer: It composes a simulation system of agent nets. Its output isinitial state
of agent nets.

Class Libraries: Javaclass libraries for simulation

Java class libraries are improved considering following points:

— actions,
— invalid times, and
— distributed simulation.

The multi agent net must run on distributed computers which are connected on a
network. Fig. 3 shows structure of the Class Libraries. Inthe figure, the dark box is Java
class libraries. They are given by vendors. The gray boxes are libraries for the multi
agent nets. The lower library is called Multi Agent Environment (MAE) library. It
provides amulti agents platform and communication ability of agent nets on distributed
computers. In this level, creating and destroying agents, distributing agents to hosts,
naming service of agents and communications between agents are supported. The MAE
consists of three major components. Agent, AgentBase, and Base-Master. Agent
provides aform of agents. The Timer in Fig. 3 is an extension of Agent, and it counts
clocks and distributes clocks to agents. Agent-Base provides server service for
managing agents. There must be a unique base on each host. When an agent is created,
it must be registered in the base on the same host. Base-Master provides server service
for naming service of agents and managing bases. There must be a unique master on
each simulation. It provides the same service of CORBA name server.

Currently communication between computers is realized by using Java RMI
(Remote Method Invocation) on Agent-Base and Agent-Master levels. The higher
library iscaled Multi Agent Net library. It provides component libraries for agent nets,
e.g., transitions, places, arcs, tokens, and so on. Agents on the MAE can be agent nets
by using these libraries. When some special work on transitions, places or arcs are
required, we can put programsto them as “guards’, “actions’ or “arc expressions’. The
guard and the arc expression must be a boolean function. The action is executed when
the transition fires or a token was putted into the place. In the program, we can
use attributes of the net and attributes of the relating token. No other attributes can be
used, and the program is written in Java. By calling native method in the action by JNI
(Java Native Interface), we can control areal system. There may be a case where we
want to use general agents in the multi agent system for which a net structure is not
necessary to be defined. For example, if an agent only calculates a complex function,
no agent nets need to correspond to the agent. These agents may be regular Java agents
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or agentson MAE. The Timer isakind of these agents. To simulate a system, we must
prepare Javafilesfor initial states. According to theinitial states, agent nets are bound.
By starting clock, the simulation starts. Both MAE and MAN libraries have monitoring
functions. Thus while the simulation, we can see instantaneous change of status in the
system.
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5 Realization of ADS by Multi Agent Nets

Once the framework of ADS mechanism is determined and modeled by MAN, we can
realize and implement wide varieties of intelligent distributed systems by modifying
and specifying according to applications’ requirements. Among those applications, we
show typical examplesin different fieldsin this section.

5.1 Next Generation Manufacturing [9]

Flexible Manufacturing Systems (FMS) based on ADS concept are designed by multi
agent nets. Suppose the FMS consists of machine cells, automated guided vehicles
(AGV), information blackboard, and an warehouse. A cell can get an work in constant
delay, after it sends arequest for AGV to send the work. Each cell can get the following
information from the blackboard at any time:

— dstate of buffers on the warehouse and cells,
— current and previous work on cells,

— state of waiting work,

and

— functional ability of cells.

Taking these information into account, each cell decide the following aternatives
autonomously:

— how many and what work to take from the warehouse or from other cells,
— what work to process after the current processis finished,

and

— whether to put worksin its own buffer or not.

The warehouse only answer to requests from cells, and decide distribution of works.
In order to simplify the problem, we assume that there are enough AGV and routes so
that collaboration between AGV is not considered. For designing such system, we need
at least three kind of agent nets: the cell, the warehouse and the system. The black board
is realized by an Java object in this simulation. Before we design the cell net and the
warehouse net concurrently, consensus on communications and cooperation must be
established as follows.

— The color of tokens which are passed from a cell to a cell, from a cell to the
warehouse, or from the warehouse to a cell is unified.

— Method names in agent nets are also unified.

— Procedure to change stage of the blackboard is unified.

— Delay of transporting awork is set to a constant number.

— Theblackboard is an attribute of cells and warehouse. This means the blackboard is
a common object of agent nets, and each agent net can refer it at any time. Fig. 4
shows an implementation of a cell. The agent nets consists of six parts:
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Fig. 4. An Agent Net of a Cell

— Buffers. Thispart holdsworks, and consists of four places, BufferBefore, BufferY et,
BufferFinish, and BufferNumber.
— Taking jobs part. This part decide jobs to take from other cells or the warehouse (at
the transition CalcTakelob), and send a request. If the request is denied
(ReguestDenied), the process starts or wait for taking a new work. If the request is
accepted (ReguestAccepted), the process put new works into the buffer. We put a
invalid period to each token in the place Moving, and after the period the token can

move to BufferBefore.
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— Deciding anext job part. This part decides the next processing work from works in
its own buffer (CalcNextJob). The action code with CalcNextJob refers works in
BufferBefore, gets information about the works and decide next job by it's own
policy.

— Processing the job part. This part process the work which was decided in the
deciding anext job part (StartProcess), and put a product into the abuffer. Similar to
tokens in the place Moving, tokens in the place Processing have a invalid period.
This period means processing time of the work. This time is variable, and we
calculateit in the action code of the transition StartProcess.

— Giving jobs part. This part deals with requests from other cells. Transitions
JudgeGive or JudgeGive2 judges whether the cell givesthe work or not, and answers
are sent from RAnswer.

— Sending complete jobs part. This part request the warehouse to take a product from
its buffer. Intelligence of the cell agent can be added to the agent net by using
programming codes to transitions, places, or arcs, for example, in the action of
CalcNextJob. In Fig. 5(a) and Fig. 5(b), agent nets of the upper level and warehouse
is shown. Tokens in the upper level net represents agent nets of lower level, eg.,
cells and the warehouse. In this case, we have three cell netsin the system. Fig. 6is
the screen dump of the simulation.

5.2 Secret Sharing Distributed Storage System[10]

Figure 7 shows an image of an autonomous distributed storage system. Thissystemisa
multi agent system consisting of server agents that reside on storage nodes scattered
throughout the network and client agents that receive requests from users. Our
objective is to implement a system having a high degree of secrecy, reliability, and
robustness according to collaboration between server agents and collaboration between
client agents and server agents. Client agents receive user requests, transfer them to
server agents, and return the results to users. Client agents can communicate with
arbitrary server agents and can switch server agents according to server agent load
conditions or the network state. They provide a nonstop service to clients. A data is
encrypted by secret sharing method into n numbers of fragments, called as shares, and
each share is stored in distributed servers. All server agents have functions for
encrypting and decrypting data and for storing and acquiring shares. For decrypting the

client
’ agent
€D
agent Sserver

agent

client
agent

client
agent

Fig. 7. Distributed Storage System
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Fig. 8. MAN model for a store process

data, we need k shares out of n shares of the data. If thereisastorerequest fromaclient,
a server agent encrypts the file and sends shares to other server agents based on a
storage policy. A server agent that receives a store request saves received shares on a
local disk to prepare for future requests. If there is afile fetch request from aclient, a
server agent collectstotal k of sharesto decrypt thefile.

Figure 8 shows an agent net model for a store process. A store task starts by atoken
being passed from the “send store request” place of the client to the “receive request”
place of the server. Encryption is performed due to the firing of an “encrypt”
transaction, and the shares and data information are sent from the “send share” and
“send info.” places to other servers. The other servers receive the shares or data
information viathe “receive share (info.)” place, and after storing the information in the
“file” place, send back an acknowledgement from “send store ack.” After the server
receives areception certification of the sharesfromall servers, it sends back areception
certification to the client, and the store task is completed. Other basic functions of a
storage system can also be modeled by MAN for implementing the secret sharing
mechanism. The proposed storage system has obvious advantages such as robustness to
unexpected disasters and high reliability against data loss or stealing.

5.3 Distributed Energy Management Systemsfor CO2 Reduction [11]

We consider a problem to minimize both of energy costs and CO2 emissionsin an area
where there exist several independent entities (agents) who consume and/or produce
electric or thermal energy. We adopt a cooperative energy trading decision method
instead of tota optimization for which usually competitive entities would not like to
accept. By this method, we want to reduce energy consumption and the amount of the
CO2 emissions at the same time in the entire group without undermining economic
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benefit for each agent. A group consists of agents connected by electrical grids and heat
pipelines. Each agent can buy electricity and gas from the electric power company and
the gas company outside of the group. Electricity and heat can also be bought and sold
between agentsin the group. We show an example of a group energy trading systemin
Fig. 9. The group shown in Fig. 9 has Factory1 and 2 as producer agents and Building as
a consumer agent. Each agent has demands for electricity and heat with predicted
demand patterns. The producer agents can buy gas and electricity from the outside of the
group, can produce electricity and heat to fill their own demands, and can sell energy in
the group. The consumer agents can buy energy in the group and from the outside of the
group, and can produce energy to fill their own energy demands. Each agent decides its
energy purchase plan and running plan of equipments that maximizes its own economic
profit that will be subject to energy demands and CO2 emissions. Fig. 10 and Fig. 11 are
MAN models for customer agent and supplier agent, respectively. In our energy trading
system, not only unit price of energy but CO2 emission basic unit istaken into account.
A market-oriented programming (MOP) is a method for constructing a virtual perfect
competitive market on computers, making the state of equilibrium which appears as a
result of the interaction between agents involved in the market, and deriving the Pareto
optimum distribution of goods finally. A market economy considered in the MOP is
composed of goods and agents. For formulation of MOP, it is necessary to define (1)
goods, (2) agents, and (3) agent’s bidding strategies. In Fig. 12, we show an example of
aMAN model of marketsin the group shownin Fig. 9.
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6 Conclusion

This paper surveys the works and works-in -progress by the authors and their group on
realization of Autonomous Distributed Systems (ADS) by Multi Agent Nets (MAN).
ADS is a universal system concept which plays a central role in this ubiquitously
networked society and the realization technologies are so vital for safe, robust, and
flexible management and operation of such systems. We proposed MAN as one of the
basic modeling and prototyping tools and several applications revealed its versatility
for wide range of engineering and business problems. On a theoretical or formal
verification analysis on MAN, there remains serious works yet to be done. An attempt
to generate an abstract state space for MAN and a verification by ACTL on the abstract
space is a few example of the formal treatment for nested Petri nets like MAN [12].
The use of MAN as an executabl e verification model for high level modeling language
such as UML is also promising and the construction of simulator for UML based
Service Oriented Architecture of business process is undergoing by this group.
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For more than 40 years Petri nets [I] serve as an efficient formal model of con-
current behavior of complex discrete systems. There exists a rich bibliography
of books and works devoted to these methods and many applications of nets
have been already created. The model is extremely simple: it uses three basic
concepts, of places, of transitions, and of a flow relation. The behavior of a net
is represented by changing distribution of tokens situated in the net places, ac-
cording to some simple rules (so-called firing rules). Non-negative integers play
essential role in the description of tokens distribution, indicating the number
of tokens contained in nets places and . Transitions determine way of changing
the distribution, taking off a number of tokens from entry places and putting a
number of tokens in exit places of an active transition. Formally, to any tran-
sition some operations on numbers stored in places are assigned and therefore
the behavior of nets is described by means of a simple arithmetic with adding
or subtracting operations on non-negative integers.
Nets became attractive for several reasons, namely because:

- simplicity of description they offer,

demonstrativeness, mainly due to their graphic representation
- a deep insight into concurrency phenomena,

- facility of applications to basic concurrent systems

However, some of positive features of nets create also their weakness. Namely,
simplicity of the model makes difficult the complex situations description; the for-
malism being well suited to describe basic phenomena may turn out to be difficult
for some real applications. Integers may turn out to be too primitive structures for
dealing with more subtle objects; enlarging the net structure to the real word situ-
ations description could be troublesome. Finally, the intuition appealing graphical
representation may be dangerous for rigorous formal reasoning. For these reasons,
a constantly growing number of different extensions of original nets to the so-called
higher level ones has been invented. In this talk a very modest modification of the
original net concept is discussed, consisting in:

- replacing integers by arbitrary objects for storing in places;
- accepting arbitrary relations as transition activities;
- resigning from a fixed flow direction in the net structure.

J. Kleijn and A. Yakovlev (Eds.): ICATPN 2007, LNCS 4546, pp. 20-23] 2007.
© Springer-Verlag Berlin Heidelberg 2007
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Token-free nets. A token-free net (FT-net, for short) is defined by its structure
and specification; the structure is defined by triple (P, T, ), where P, T are finite,
non-empty disjoint sets, of places and transitions respectively, and v C Px T is
a relation called the neighborhood relation. Set

vt)={pl )€}, ) ={t|(p,t) €7}

Say that transitions ¢', ¢ are independent and write (t',t") € I, if v(¢')N~(t") =
(). The specification of net with structure (P, T, ) is any triple (S, F, ¢"), where S
is a mapping which to each place p € P assigns set .S, (of values of place p), F' is
a mapping which to each p € P and each t € y(p) assigns binary relation F,(t) C
Spx Sy (the transition relation), and oy is a mapping which to each p € P assigns
value 0%(p) € S, (the initial valuation of places). Below, in the left-hand picture,
a TF-net with structure ({p,q,r, s}, {a,b,c,d},{(p,a),(q,a),(q,c),(q,d), (r,b),
(r,e), (s, ), (s,d)}) is presented in a graphical form. In the right-hand picture this
structure is filled up with a specification, giving some initial values x,y, z, u as-
signed to places and transition relations ¢, x, 1 assigned to corresponding edges,

e.g. Fy(a) = x, Fy(c) =1, Fy(d) = x.
a O b a X @) b
p b s
O ¢ Or @' ,0
X
d O d é @

Let (S, F, o) be a specification of net N with structure (P, T,~). Any mapping
o assigning to place p € P its value o(p) € S, is called a valuation. Transition ¢
is enabled at valuation o, if o(p) is in the domain of F,(t) for any neighbor place
p of t. The behavior of N is defined as follows. Let o/,6” € P — S be two
valuations of places of N, ¢t € T be a transition of N; say that ¢ transforms in
N valuation o’ into o’ (or that ¢ can fire at valuation ¢’) and write o’ 5y o,
if the following equivalence holds:

;1 1

o =nyo & o'(p),d” (p)) € Fy(t), Vp € P,
a"(p Vp & P

I
q\
S

From this definition it follows that ¢’ 5y o’ implies ¢ to be enabled at o’ (p).
Extend relation —t N to —n for w € T* in the standard way:
o Bno'e o= fw=c¢,
Jo:5'0 Lyo Ly o, fw=ut,ueT* teT.

The set Seq(N) = {w | 3o : 0° Sy o} is called the (sequential) behavior of N,
and its elements, traditionally, firing sequences of N.
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Classical place/transition nets are particular cases of TF-net, in which values
of all places are non-negative integers, and relations are either defined by F),(t) =
{n,n+k) | n+k <c} (the pair (p,t) is then represented by an arrow leading
from ¢ to p labeled with k, the multiplicity of that arrow, and with place p labeled
with ¢, the capacity of p), or by F,(t) = {n,n — k) | k < n} (then the arrow,
similarly labeled with k, leads from p to t). The behavior of such nets agrees
with the definition given above.

As another example of a TF-net can serve ‘string nets’, with strings over
alphabet X' are individual values, and relations are either defined by F,(t) =
{(w,wa) | w € X*} or by F,(t) = {(wa,w) | w € *}, for some a € X, or by
F,(t) = {(w,w) | € # w € X*}. Observe also that values assigned to different
places may have different types, e.g. values of some places can be strings, while
those of other ones can be integers.

Composition properties. TF-nets enjoy a composition property similar to
that holding by classical Petri nets [2]. Let N = (P,T,v;S, F,0") be a TF-
net. To each place p € P assign finite automaton A, defined by equality A, =
(8,Tp, Fp, s)), called the local automaton for p in N, where T), = ~(p), F,(t) C
Sx S, and sg = o%(p). Conversely, given a finite family of local automata
A = (S, T, Fy,8Y), i € I, with Fy(t) C S;x S; for each t € T; and s? € S;,
their composition &;crA; can be defined as TF-net (I,T,v;S, F,0°), where
T = Ui Ti,y ={(i,t) | i € I,t € Ty}, S(i) = S; for i € I, and 0°(i) = ).
Extend Fj(t) to F,(w) for all w € T™:

(s,8") e Fy(e) & s =",
(s,8") € Fy(wt) & 3s: (s',5) € Fy(w) A(s,8") € Fy(t).

for all §',s"” € S,w € T*,t € T. The language accepted by A, is the set L(A,) =
{w|3s: (s, s) € F*(w)}. We have the following composition property:

Seq(&iein) = ker(&,ielL(Ai)),

where w € &crL(A;) & Vie I : m(w,T;) € L(A;), m(w,T;) is the projection of
w onto T;, and ker(L) is the greatest prefix closed subset of language L. A set of
strings is directed, if any two elements of this set are prefixes of another element
of this set. Any maximum prefix-closed directed subset of seq(N) is a full run
of N; the set of all full runs of N is denoted by Seq(N). Cardinality of a full
sequential run (possibly infinite) is called its length.

Net restrictions. Flexibility of choosing arbitrary transition relations as spec-
ification of nets with a common structure offers a possibility of comparison such
specifications. Let N', N be nets with the same structure, say (P, T,~), and with
specifications (S, F”,09), (S”, F”,a3), respectively. Say that net N’ is a restric-
tion of net N, if for each p € P there exists mapping ¢, : S;, — S such that

s3(p) = 6(s1(0)),  (s,8") € Fy(t) = (6p(s"), 8p(5")) € F/ (1)
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and then write N/ < N”. From the definition of nets behavior it follows easily
N’ < N" = seq(N') C seq(N").

The case when 0, is the identity mapping for each p € P is a particular case of
restriction; then the restriction condition reduces to the inclusion Fy(t) C F}'(t)
for all p € Pt € T, i.e. simply to F/ C F”. Clearly, the restriction relation
is a partial order in the family of all nets with a common structure; the net
with Fj,(t) = 0 (over-specified net, where none of transitions are enabled at
any valuation) is its minimum element. In a net with 0 # F,(t) = S, x S,
any transition at any valuation is enabled (under-specified net), is maximum
element in the above ordering. The question arises if it is possible to adjust the
specification of a net to get a priori chosen behavior of it. A partial answer to
this question is formulated below.

Restricted nets behavior. Let N = (P,T,~;S,F,0") be an arbitrary but
fixed TF-net. Let = be the least equivalence relation in T* s.t. (¢/,¢") € I =
t't" ="t and w' = w", v = v = w'u' = w"u”; then it follows easily that w' €
Seqy AN w' = w” = w” € Seqy. It is also not difficult to show that two strings
w',w"” € seq(N) are equivalent if and only if Vp € P : w(w’,y(p)) = w(w”, v(p))
(their projections on local alphabets are pairwise equal). Extend equivalence
relation = to sets of strings by the equivalence:

W =W & Vpe P {n(wA(p) | we W} = {r(w,y(p) |we W}

This description method origins from basic results of Shields [3]. Possible effects
of restrictions are demonstrated by the following fact. Let Wy € Seq(N). Then
there exists a restriction N’ of N such that any run W’ € Seq(N') is equivalent
to W:

V Wy €Seq(N): I N < N:VW € Seq(N'): W =W,.

This result is a partial answer to the more general question about defining pos-
sibilities of specification restrictions.
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Serious developments concerning formal aspects of software specification, verifi-
cation and development initially addressed programming-in-the-small: descrip-
tion, analysis and verification of relatively simple (iterative) programs. This
phase was marked with achievements like Hoare’s logic [Hoa69], formalising the
earlier proposals concerning proofs of correctness of iterative programs. Early
work of Parnas [Par72D, [Par72a] advanced programming-in-the-large, undertak-
ing the issues of modularity and abstraction. Data abstraction together with the
related issue of step-wise program development, was addressed in another sem-
inal paper by Hoare [Hoa72] ] Work on algebraic specifications (e.g. [GTWTS]|)
initially addressed the problem of specifying (abstract) data types, but soon
grew to a general methodology for specification and systematic development of
software system with an extensive body of work and publications [BKLT91]. Our
relatively recent account of one line of work grown on algebraic specifications
given in [STO7, [Tar03] presents foundations for a comprehensive methodology
for software specification and development, and rightly claims generality of the
approach gained by parameterising on an arbitrary logical system formalised as
an institution [GB92]. Nevertheless, the approach presented there works most
clearly for relatively simple systems built by statically combining well-specified,
hierarchical modules. This is perhaps best visible in particular specification for-
malisms that fit this approach, with CASL developed recently
by the COFT group as a prime example. Oversimplifying grossly: we know best
how to specify and put together purely functional STANDARD ML modules and
their relatively minor variants (even if the EXTENDED ML experiment [KST97]
with embedding specifications into arbitrary STANDARD ML programs was only
partly successful, it certainly does work for specifications of such systems).

In the meantime, the standard practise of building complex software system
changed considerably, for better or worse encompassing many complex program-
ming features with often far from satisfactory semantic and logical tools for their
description and analysis, in spite of considerable amount of work and a whole

* This work was funded in part by the European IST FET programme under the
IST-2005-015905 MOBIUS and IST-2005-016004 SENSORIA projects.

1 I make no pretence of any completeness or even full accuracy of such historical
references here — instead, let me advertise excellent essay [Jon03] on the history of
approaches to, and methods for verification of (sequential imperative) programs.
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spectrum of approaches proposed. For instance, we have object-oriented technol-
ogy [Boo94], with local states of objects, inheritance and dynamic communication
between objects, to mention just a few features not treated directly by specification
formalisms like CASL. Of course, this does not mean that in principle the object-
oriented paradigm cannot be dealt with using the general methodology referred
to above. In particular, many aspects of object-oriented paradigm are covered by
behavioural interpretation of specifications [Rei86l, [GMO0Q, [BHO06, [BST06], where
internal features of a specification (including for instance hidden data to model
the state) are regarded only in so far as they influence the visible behaviour of the
specified system. Still, the practise of object-oriented design and development is
dominated by approaches like UML [BRJ9§|, in spite of its deficiencies and (at
least initially) lack of formal foundations. One aspect of UML which we want
to stress here is that via dozens of kinds of UML diagrams, it offers a consider-
able heterogeneous spectrum of methods to capture various facets of the specified
systems.

The methodology advocated in [ST97] and [BM04] naturally leads to the de-
velopment of systems that are statically composed of a number of mutually
independent, well-specified modules. This is quite orthogonal to the current de-
velopments in the area of, for instance, service-oriented computing, where sys-
tems are configured dynamically out of a collection of available components to
provide a given service (and often decomposed once the desired goal has been
achieved). This dynamic aspect is to some extent present for instance in agent-
oriented technologies (e.g. [Woo0OI]). It seems though that the stress there is on
the search for the right services offered, not so much on the right specification
of the modules that provide the services and on the systematic design of the
overall architectures of such systems.

What I would like to pursue is an approach to specification, design and sys-
tematic development of hierarchical systems that consist of a collection of com-
ponents designed to be combined in a number of possible ways to potentially
fulfil various tasks. It should be possible to reconfigure the resulting systems
dynamically using the components provided. The framework should enable sub-
sequent specification of individual components, their alternative configurations,
the overall system capabilities and properties ensured by particular configura-
tions, as well as the possible system reconfiguration process itself. Moreover, the
framework aimed at should be hierarchical in the sense that overall system spec-
ification should have the same format as specifications of individual components,
so that the components can also be built as such reconfigurable (sub-)component
systems.

This is, so far, a long term goal with not much specific proposals on how
to reach it in any formal and mathematically well-founded way. I would like,
however, to present at least some directions of work and ideas which in my view
are useful prerequisites to achieve such a goal.

Specifications in an Arbitrary Institution. Since the early work on CLEAR [BGS()],
the formalisation of logical systems as institutions [GB84, [GB92] proved to be not
only a powerful conceptual basis for a very abstract version of model theory, but
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first of all, a pragmatically useful technical tool in the design of specification for-
malisms and in the work on foundations of software specification and systematic
development. This started with mechanisms to structure specifications built in
any logical system presented as an institution [ST88a], and then covered a whole
spectrum of standard concepts and ideas in the area [ST97, [Tar03].

Systematic Development and Architectural Specifications. Starting with [STSSD],
the work on fundamentals of specification theory in the framework of an arbitrary
institution included a general foundational view of the systematic development
of correct modular systems from their requirements specifications. This led to
formalisation of the design steps in software development process as architec-
tural specifications [BST02], whereby a modular structure of the system being
developed is designed by listing the units the system is to be built of, providing
their precise specifications, and defining the way in which they are supposed to
be composed to build the overall system.

Heterogeneous Logical Environments. The theory of institutions also offers solid
foundations to deal with heterogeneous specifications [Tar96l [Tar00, [Mos02],
where specifications of various modules of a given system, or various facets of
some modules may be conveniently built in various logical systems, most appro-
priate for the particular task at hand. One related idea is that of heterogeneous
development, where the process of the system development may migrate from
one logical system to another, most appropriate at the given stage. Of course,
to make this meaningful, the logical systems in use, or rather the institutions
that capture them, must be linked with each other by a map of one kind or an-
other [GR02], thus forming a heterogeneous logical environment, which in turn
may be formalised simply as a diagram in a category of institutions.

Architectural Design and Connectors. Architectural specifications mentioned
above provide a tool for designing a static modular structure of the software
system under development. This is not quite the same as the overall system ar-
chitecture, as discussed for instance in [AG97], which deals more with the actual
interconnection between system components in the dynamic process of computa-
tions carried out by the system. One crucial idea there is that in the architectural
design the system components need not be linked directly with each other, but
rather via architectural connectors [FLW03] that are specialised units playing no
other role than to coordinate activity of the components they link.

Systems of Potentially Interconnected Components. What emerges from the
above is a view of systems as collections of components linked with each other by
architectural connectors. One observation in [Zaw06] is that the resulting collec-
tion of interconnected components as a whole may be of a very limuited use, or
may even be inconsistent due to potentially contradictory properties of actions
offered by various components, while its various sub-configurations may amount
to perfectly useful systems. As a consequence we can meaningfully consider sys-
tems of components with their potential interconnections from which only some
are “active” at a given moment. Various techniques, for instance those based
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on graph grammars, may now be used to reconfigure the actual “active” sys-
tem within the possibilities offered by the graph of potential connection between
system components.

The above list indicates the ideas, concepts and results that can be put to-
gether and further developed aiming at foundations for an overall methodology
of specification and development of hierarchical component systems that allow
for system reconfiguration. Preliminary combination of the above ideas and ini-
tial results will be presented at the conference, with a hope to generate a critical
discussion and suggestions of the techniques developed within the field of Petri
nets that may be useful in this context. Undoubtedly though, achieving the
overall goal requires considerable further work.
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Abstract. Most specific characteristics of (Place/Transition) Petri nets
can be traced back to a few basic features including the monotonicity of
the enabling condition, the linearity of the firing rule, and the locality of
both. These features enable “Petri net” analysis techniques such as the
invariant calculus, the coverability graph technique, approaches based on
unfolding, or structural (such as siphon/trap based) analysis. In addition,
most verification techniques developed outside the realm of Petri nets can
be applied to Petri nets as well.

In this paper, we want to demonstrate that the basic features of Petri
nets do not only lead to additional analysis techniques, but as well to
improved implementations of formalism-independent techniques. As an
example, we discuss the explicit generation of a state space. We underline
our arguments with some experience from the implementation and use
of the Petri net based state space tool LoLA.

1 Introduction

Most formalisms for dynamic systems let the system state evolve through read-
ing and writing variables. In contrast, a Petri net marking evolves through the
consumption and production of resources (tokens). This fundamental difference
has two immediate consequences. First, it leads to a monotonous enabling con-
dition. This means that a transition enabled in some state is as well enabled in a
state that carries additional tokens. Second, it leads to the linearity of the firing
rule. This means that the effect of a transition can be described as the addition
of an integer vector to a marking vector.

The Petri net formalism has another fundamental property that it shares with
only some other formalisms: locality. This means that every transition depends
on and changes only few components of a state. In Petri nets, these components
(places) are explicitly visible through the arc (flow) relation.

Many specific Petri net analysis techniques can be directly traced back to
some of these characteristic features of Petri nets. For instance, the coverability
graph generation [KM69[Fin90] is closely related to monotonicity and linearity.
The invariant calculus [LST4[GL83|[Jeng1] clearly exploits linearity of the firing
rule. For structural analysis such as Commoner’s Theorem [Com72] or other
methods based on siphons and traps, monotonicity and locality may be held
responsible. Petri net reduction [Ber86] is based on the locality principle. Analysis
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based on unfoldings [McM92JEsp92] (or partial ordered runs) involves the locality
principle as well. This list could be continued.

On the other hand, there are several verification techniques that do not depend
on a particular modeling language. An example for this class of techniques is state
space based analysis, and—build on top of it—model checking [CESI[QS8I]. The
availability of specific techniques like the ones mentioned above has long been
observed as a particular advantage of Petri nets as a modeling language. Be-
yond this insight, we want to discuss the implementation of a Petri net based
state space generator (LoLA [Sch00c]) in order to show that the basic features
of Petri nets mentioned in the beginning of this section can be used for an effi-
cient implementation of—otherwise formalism-independent—explicit state space
generation.

We start with a short introduction to the tool LoLA and give, in Sec.[3 a brief
overview on some case studies conducted with this tool. In Sec. 4 we consider
the implementation of fundamental ingredients of a state space generator such
as firing a transition or checking for enabledness. Finally, in Sec.[5 we informally
discuss a few Petri net specific issues of state space reduction techniques.

2 The State Space Generation Tool LoLA

The LoLA project started in 1998. Its original purpose was to demonstrate the
performance of state space reduction techniques developed by the author. Most
initial design decisions were driven by prior experience with the state space
component of the tool INA [RS9S].

LoLA can read place/transition nets as well as high-level nets. High-level nets
are immediately unfolded into place/transition nets So, LoLA is indeed a place-
transition net tool while the high-level input can be seen as a shorthand notation
for place/transition nets.

LoL A generates a state space always for the purpose of verifying a particular
property. It implements the in-the-fly principle, that is, it stops state space
generation as soon as the property being verified is determined. The properties
that can be verified include

Reachability of a given state or a state that satisfies a given state predicate;
Boundedness of the net or a given place;

Quasiliveness of a given transition;

— Existence of deadlocks;

Reversibility of the net;

— Existence of home state;

— Liveness of a state predicate;

— Validity of a CTL formula;

— Validity of the LTL formulas F'¢, GF¢, and FG¢, for a given state predicate

o.

LoLA can build a state space in depth-first or breadth-first order, or it can
just generate random firing sequences for an incomplete investigation of the state
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space. While depth-first search is available for the verification of all properties
listed above, the other search methods are restricted to reachability, deadlocks
and quasiliveness.

The following reduction techniques are available in LoLA:

Partial order reduction (the stubborn set method);
The symmetry reduction;

— The coverability graph generation;

The sweep-line method;

— Methods involving the Petri net invariant calculus;
— a simplified version of bit hashing

The techniques are employed only if, and in a version that, preserves the
property under investigation. If applicable, reduction techniques can be applied
in combination.

Using LoLLA amounts to executing the following steps.

1. Edit a particular file userconfig.H in the source code distribution for se-
lecting the class of property to be verified (e.g., “boundedness of a place” or
“model check a CTL formula”) and the reduction techniques to be applied.

2. Translate the source code into an executable file 1ola.

3. Call 1lola with a file containing the net under investigation, and a file spec-
ifying the particular instance of the property (e.g., the name of the place to
be checked for boundedness, or the particular CTL formula to be verified).

4. LoLA can return a witness state or path, an ASCII description of the gen-
erated state space, and some other useful information.

Instead of a stand alone use of LoLLA, it is also possible to rely on one of the
tools that have integrated LoLA, e.g.,

— CPN-AMI [KPA%9),
— The Model Checking Kit [SSE03]

— The Petri net Kernel [KWOT]

3 Some Applications of LoLA

As LoLA can be downloaded freely, we do not have a complete overview on
its applications. In this section, we report on a few case studies conducted by
ourselves, and studies we happen to know about.

Validating a Petri Net Semantics for BPEL [HSS05]

WS-BPEL (also called BPEL or BPELAWS, [Cur+03]) is an XML-based lan-
guage for the specification of web services. Due to an industrial standardization
process involving several big companies, the language contains a lot of non-
orthogonal features. It was thus adequate to give a formal semantics to BPEL
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in order to reason about consistency and unambiguity of the textual specification.
Several formal semantics have been proposed in various formalisms, among them
two which are based on Petri nets. One of the Petri net semantics has been
reported in [HSS05]. It translates every language construct of BPEL into a Petri
net fragment. The fragments are glued together along the syntactical structure
of a BPEL specification. As the fragments interact in a nontrivial way, it was
necessary to validate the semantics. The validation was done by translating
several BPEL specifications into Petri nets and letting LoLLA verify a number of
crucial properties concerning the resulting nets.

The most successful setting in the application of LoLA was the combination of
partial order reduction (stubborn sets) with the sweep-line method. Partial order
reduction performed well as BPEL activities can be executed concurrently (avail-
ability of a significant number of concurrent activities is essential for the partial
order reduction). Furthermore, the control flow of a BPEL specification follows a
pattern of progress towards a fixed terminal configuration. Such progress can be
exploited using the sweep-line method. LoLA detects the direction of progress
automatically (this issue is further discussed in Sec. [).

It turned out that LoLA was able to solve verification tasks for services with
up to 40 BPEL activities while it ran out of memory for a service with little
more than 100 activities. The nets that could be successfully verified consisted
of about 100 to 400 places and 250 to 1.000 transitions. Reduced state spaces
had up to 500.000 states. With the capability of handling BPEL specifications
with 40 or 50 activities, LoLA is well in the region of practical relevance. So,
LoL A has become part of a tool chain for web services that is developed within
the Tools4BPEL project [T4B07]. There, ideas exist to tackle larger processes
through further tuning the translation from BPEL to Petri nets, and through
abstraction techniques to be applied prior to state space verification.

The main lesson learned of this application was that partial order reduction in
combination with the sweep-line method is a powerful combination of reduction
techniques in the area of services.

Detecting Hazards in a GALS Circuit [SRKO05|

GALS stands for globally asynchronous, locally synchronous circuits. A GALS
design consists of a number of components. Each component has its own clock
signal and works like a synchronous circuit. Communication between compo-
nents is organized in an asynchronous fashion. This way, designers try to save
the advantages of a synchronous design (tool support, clearly understood set-
ting) while they tackle the major drawbacks (speed limitation and high energy
consumption due to long distance clock signal paths, energy consumption in idle
parts of the circuit).

In collaboration with the Institute of Semiconductor Physics in Frankfurt/-
Oder, we investigated a GALS circuit for coding and decoding data of the 802.11
wireless LAN protocol. In particular, we translated a so-called GALS wrapper
gate by gate into a place/transition net. A GALS wrapper is the part of a GALS
design that encapsulates a component, manages incoming data, and pauses the
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clock of the component during periods where no data are pending. Consequently,
a wrapper as such is an asynchronous circuit. It consists of five components: an
input port maintaining incoming data, an output port managing outgoing data,
a timeout generator, a pausable clock, and a clock control. All in all, there are 28
gates (logical gates, flip-flops, muller-C-elements, counters, and mutex elements).

We were interested in the detection of hazards in the wrapper. A hazard is a
situation where, due to concurrently arriving input signals, it is not clear whether
the corresponding output signal is able to fully change its value (after arrival of
the first signal) before switching back to the original value. Such an incomplete
signal switch may cause undefined signal values which are then potentially prop-
agated through the whole circuit. The Petri net model was built such that the
occurrence of a hazard in a particular gate corresponds to a particular reachable
marking in the Petri net model of the gate.

LoLLA was applied for solving the various reachability queries. Again, a com-
bination of partial order reduction with the sweep-line method turned out to be
most successful. Nevertheless, LoLA was not able to solve all of the reachability
queries on the original model (having 286 places and 466 transitions). In a sec-
ond approach, the model was replaced by a series of models each modeling one
of the parts of the wrapper in detail while containing abstract versions of the
others. The abstraction was based on the assumption that no hazards occur in
the abstracted part. LoLA was then able to solve all reachability queries. The
largest state space had little more than 10.000 nodes.

We detected eight hazards and reported them to the people in Frankfurt. For
each hazard, we could derive a scenario for its occurrence from the witness paths
available in LoLA. Six of the scenarios could be ruled out through knowledge
about timing constraints. The remaining two hazards were considered as really
dangerous situations. Using LoLLA again, a re-design of the wrapper was verified
as being hazard-free.

The approach of modeling one part of the investigated system in detail while
abstracting the others was the main lesson learned out of this application

Garavel’s Challenge

Back in 2003, Hubert Garavel posted a challenge to the Petri Net Mailing List.
The mail contained a place/transition net with 485 places and 776 transitions
that allegedly stemmed from a LOTOS specification. Garavel was interested in
quasi-liveness of all transitions of the net.

Apart from LoLA, the two symbolic state space tools SMART (by G. Chiardo
and R. Siminiceanu) and Versify (by O. Roig), and the tool TINA (by B.
Berthomieu and F. Vernadat) which used the covering step graph technique
responded to the challenge. The symbolic tools were able to calculate the exact
number of reachable states of the system which was in the area of 1022,

The LoLA approach to the challenge was to generate not just one (reduced)
state space but 776 of them, one for the verification of quasi-liveness of a partic-
ular transition. This way, partial order reduction could be applied very success-
fully. 774 of the queries could be solved this way while two queries ran out of
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memory. For these transitions, we applied then the LoLA feature of generating
random firing sequences. In fact, the sequences are not totally random. Instead,
the probability of selecting a transition for firing is weighted according to a
heuristics which is closely related to the stubborn set method. This heuristics
is quite successful in attracting a firing sequence towards a state satisfying the
investigated property. At least, it worked for the two problematic transitions in
the challenge and we were able to report, for each transition, a path witnessing
its quasi-liveness.

This challenge showed that LoLA can be competitive even to symbolic state
space tools. A major reason for success was the division of the original verification
problem into a large number of simpler verification tasks.

Exploring Biochemical Networks [Tal07]
In a biochemical network, a place represents a substance, tokens in a place repre-
sent presence of the substance. A transition models a known chemical reaction.
A transition sequence that finally marks a place represents a chain of possible
reactions that potentially generates the corresponding substance.

People at SRI use LoLA for exploring reaction paths. According to [Tal07],
they “use LoLA because it is very fast in finding paths”.

The examples show that LoLA can be applied in various areas. It is able to
cope with models of practically relevant systems. The performance of LoLA is
due to at least four reasons:

— LoLA features a broad range of state-of-the-art state space reduction tech-
niques most of which can be applied in combination;

— LoLA offers specialized reduction techniques for every property listed in the
previous section;

— LoLA uses the formalism of place/transition nets which can be handled much
easier than a high-level net formalism;

— The core procedures in LoLLA exploit the basic characteristics of Petri nets
as mentioned in the introduction.

4 Core Procedures in a State Space Generator

In this section, we demonstrate how the basic characteristics of Petri nets can
be taken care of in the implementation of a state space generator. A state space
generator is basically an implementation of a search through the state graph,
typically a depth-first search. The elementary steps of a depth-first search include
the following steps, each discussed in a dedicated subsection. When discussing
complexity, we assume the investigated system to be distributed. Formally, we
assume that there is a fixed value k such that every transition has, indepen-
dently of the size of the net, at most &k pre- and post-places. Several realistic
distributed systems satisfy such a requirement for a reasonably small k, for even
more systems there are only few transitions violating the assumption.
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Firing a Transition

By firing a transition, we proceed from one state to a successor state. In a Petri net,
the occurrence of a transition ¢ changes the marking of at most card(et)+ card(te)
places. According to the assumption made above, this number is smaller than 2k.
By maintaining, for each transition, an array of pre- and post-places, it is indeed
possible to implement the occurrence of a transition in time O(1). The ability to
easily implement the firing process in constant time can be contributed to local-
ity. In fact, other formalisms exhibiting locality have the same opportunity (like
the model checking tool SPIN [Hol91] using the guarded command style language
PROMELA. In contrast, the input language of the model checker SMV [McM02]
does not support explicitly a notation of locality, and it would require a lot of ex-
pensive analysis for an explicit model checker to retrieve information on locality
from SMV input. Note that SMV is not an explicit model checker, so this consid-
eration does not concern SMV as such.

Checking Enabledness

The enabling status of a transition can change only due to the occurrence of a
transition t. So, except, for an initial enabledness check on the initial marking,
the check for enabledness can be reduced to the transitions in et U te. This
approach is again feasible for all formalisms exhibiting locality. For Petri nets,
however, the check for enabledness can be further refined due to the monotonicity
of the enabling condition. If ¢ is enabled before having fired ¢, and ¢ is only
adding tokens to places in et’, it is clear that ¢’ is still enabled after having
fired t. Likewise, a previously disabled ¢ remains disabled if ¢ only removes
tokens from et’. This way, the number of enabledness checks after a transition
occurrence can be significantly reduced. In LoLLA, we maintain two separate
lists of transitions for each ¢: those that can potentially be enabled by ¢ (must
be checked if they have been disabled before), and those that can be potentially
disabled by ¢ (must be checked if they have been enabled before). Through an
additional treatment of all enabled transitions as a doubly linked list (with the
opportunity to delete and insert an element at any position), it is possible to
retrieve a list of enabled transitions in a time linear to the number of enabled
transitions (which is typically an order of magnitude smaller than the overall
number of transitions).

Returning to a Previously Seen Marking

In depth-first search, we typically have a stack of visited but not fully explored
markings. This stack actually forms a path in the state space, that is, the im-
mediate successor of marking m on the stack is reachable from m through firing
a single transition. After having fully explored marking m on top of the stack,
we proceed with its immediate predecessor m’ on this stack. As Petri nets enjoy
the linearity of the firing rule, there is a strikingly simple solution to this task:
just fire the transition backwards that transformed m’ to m. This way, it takes
constant effort to get back to m/.
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For assessing the value of this implementation, let us discuss potential al-
ternatives. Of course, it would be possible to maintain a stack that holds full
markings. Then returning to a previous marking amounts to redirecting a single
pointer. But in depth-first exploration, the search stack typically holds a sub-
stantial number of visited states, so this approach would pay space for time.
In state space verification, space is, however, the by far more limited resource.
Another solution suggests to maintain, for each stack element, a pointer into the
repository of visited markings. This data structure is, in principle, maintained
in any explicit state space verification, so this solution would not waste memory
at the first glance. For saving memory, it is, however, highly recommendable
to deposit visited markings in a compressed form [WL93]. Thus, calculations
on a marking in this compressed form require nontrivial run time. Finally, this
solution prohibits approaches of storing only some reachable markings in the
repository (see Sec. [l for a discussion on such a method).

Maintaining the Visited Markings

According to the proposal to organize backtracking in the search by through
firing transitions backwards, there are only two operations which need to be
performed for on the set of visited markings. One operation is to search whether
a newly encountered marking has been seen before, the other is to insert that
marking if it has not. All other operations, including the evaluation of state
predicates, computing the enabled transitions, computing successor and prede-
cessor markings etc. can be performed on a single uncompressed variable, call
it CurrentMarking (in the case of LoLA: an array of integers). For searching
CurrentMarking and inserting it in the depository, we can look up and insert
its compressed version.

In consequence, it is at no stage of the search necessary to uncompress a
marking! This fact can be exploited for compressions where the uncompression
is hard to realize. In LoLLA, we have implemented such a technique [Sch03] that
is based on place invariants (thus, a benefit from the linearity of the firing rule).
Using a place invariant I, we can express the number of tokens of one place
p in supp(I) in terms of the others. We can thus exempt the value of p from
being stored in any marking. Given n linearly independent place invariants, the
number of values to be stored can be reduced by n. The number n typically
ranges between 20% and 60% of the overall number of places, so the reduction
is substantial. It does not only safe space but time as well. This is due to the
fact that a look up in the depository is now performed on a smaller vector.

Compressing a marking according to this technique is rather easy: we just
need to throw away places marked a “dependent” in a preprocessing stage. Un-
compressing would require an evaluation of the justifying place invariant. In
particular, it would be necessary to keep the invariant permanently in storage!
In LoLA, we do not need to keep them. Concerning space, the additional costs of
the approach, beyond preprocessing, amount to one bit (“dependent”) for each
place. Even in preprocessing, it is not necessary to fully compute the invari-
ants. As explained in [Sch03|, the information about mutual dependency can be
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deduced from an upper triangle form of the net incidence matrix, an interme-
diate stage of the calculation. This, way, invariant based preprocessing requires
less than a second of run time even for a net with 5.000 places and 4.000 transi-
tions. In that particular system, we would have 2.000 linearly independent place
invariants (each being a vector of length 5.000!).

Breadth-First Search

While depth-first search is the dominating technique for state space exploration,
breadth-first search can be used for some purposes as well, for instance for the
calculation of a shortest path to some state. In breadth-first search, subsequently
considered states are not connected by a transition occurrence. Nevertheless,
it is possible to preserve some of the advantages of the backtracking through
firing transitions. In LoLA, we mimic breadth-first search by a depth-first search
with an incrementally increased depth restriction. That is, we proceed to the
next marking to be considered by stepping back a few markings (through firing
some transitions backwards) and then firing some other transitions forward. The
average number of transitions to be fired is reasonably small as the number of
states tends to grow exponentially with increased depth. This is true even for
reduced state spaces, as some of the most powerful reduction techniques require
the use of depth-first search.

5 Reduction Techniques

In this section, we discuss a few state space reduction techniques and show that
the basic characteristics of Petri nets lead to specific solutions.

Partial Order Reduction

Roughly spoken, the purpose of partial order reduction is to suppress as many
as possible interleaved firings of concurrently enabled transitions. This goal is
achieved by considering, in each marking, only a subset of the enabled transi-
tions. This subset is computed such that a given property or class of properties
is preserved in the reduced state space.

It is well-known that locality is the major pre-requisite of the stubborn set
method [Val88] and other methods of partial order reduction [Pel93,[GW9T],
[GKPP95]. Furthermore, linearity of the firing rule turns out to be quite benefi-
cial. The reason is that partial order reduction is, among others, concerned with
permutations of firing sequences. It is typically desired that a firing sequence
reaches the same marking as the permuted sequence. Due to the linearity of
the firing rule, this property comes free for Petri nets. For other formalisms, it
needs to be enforced, as can be seen in [Val91]. This way, other formalisms have
additional limitations in the application of partial order reduction.

For partial order reduction, there is another source of efficiency that is worth
being mentioned. It is not related to the formalism of Petri nets itself, but with
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the tradition of Petri net research. In the area of Petri nets, people have studied
a broad range of singular properties such as boundedness, liveness, reversibility,
reachability, deadlock freedom, etc. Following this tradition, it was apparent
to support each of these properties with a dedicated version of partial order
reduction [Sch99,[Sch00d[KVOQ,[KSVO6]. In contrast, it is the tradition of model
checking to support a rich language or two (such as the temporal logics CTL
[Eme90] or LTL [MP92]). According this line of research, people came up with
reduction techniques that support the whole language [Pel93,[GKPP95]. It is
evident, that a dedicated reduction technique for property X can lead to a
better reduction than a generic technique for a specification language can can
express X. We believe that this observation is crucial for the competitivity of
LoLA in various areas.

The Symmetry Method

Symmetrically structured systems exhibit a symmetric behavior. Exploiting sym-
metry means to suppress consideration of a state if a symmetric state has been
considered before.

Most approaches search for symmetric structures in data types of the spec-
ification. The most popular data type in this respect is the so-called scaler
set [DDHC92] where variables can be compared for equality, used as indices in
arrays and order-independent loops, while there are no constants of that type.
In [CDEH90], a rather sophisticated detection of symmetric structure in data
types is described.

Due to the locality of Petri nets, place/transition nets have a rather fine
grained graphical representation. This feature enables another approach to find-
ing symmetries in the structure: we can compute the graph automorphisms of
the Petri net graph [Sta91l[Sch00al,[Sch00bl[Jun04]. There is a polynomial size
generating set of the automorphism group of a graph, and it can be computed
in reasonable time (though not always in polynomial time). The generating set
is sufficient for an approximated calculation of a canonical representative of a
marking [Sch00D], a method for detecting previously seen symmetric states dur-
ing state space calculation. The graph automorphism based approach to sym-
metry is a unique feature of LoLA and INA [RS98] (both implemented by the
author of this article).

The main advantage of the graph automorphism approach is that it can rec-
ognize arbitrary symmetry groups while the data type approach is restricted to
a couple of standard symmetries.

The Sweep-Line Method

The sweep-line method assumes that there is a notion of progress in the system
evolution. That is, assigning a progress value to each state, successor markings
tend to have larger progress values than their predecessors. This observation
can be exploited by traversing the search space in order of increasing progress
values, and to remove visited markings from the depository which have smaller
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progress value than the currently considered markings. For reason of correctness,
markings which are reached through a transition that decreases the progress
value, are stored permanently, and their successors are encountered.

The original method [Mai0O3Ll[CKMOTLIKM02|] assumes that the progress mea-
sure is given manually. However, exploiting the linearity of the Petri net firing
rule, it is possible to compute a progress measure automatically. The measure
being calculated assigns some arbitrary progress value, say 0, to the initial state.
Then, each transition ¢ gets an offset o(t) such that, if ¢ fired in m leads to m’, the
progress value of m’ is just the progress value of m plus o(t). For correctness, it
is important that different firing sequences from the initial marking to a marking
m all yield the same progress value for m. This can, however, been taken care of
by studying linear dependencies between transition vectors. In LoLLA, we com-
pute the measure by assigning an arbitrary offset, say 1, to each transition in a
maximum size linearly independent set U of transitions. For the remaining tran-
sitions (which are linear combinations of U) the offset is then determined by the
correctness requirement stated above. All applications of the sweep-line method
reported in this article have been conducted with an automatically computed
progress measure.

Cycle Coverage
The depository of visited markings is the crucial date structure in a state space
verification. In explicit methods, the size of the depository grows with the number
of visited states. The number of states to be stored can, however, be reduced in a
trade that sells time for space. By simply exempting states from being stored, we
obviously safe space but lose time as, in a revisit to a forgotten state, its successors
are computed once again. For an implementation of this idea, it is, as for instance
observed in [LLPY97], important to store at least one marking of each cycle in the
state graph. This condition actually ensure termination of the approach.

Thanks to linearity in the Petri net firing rule, it is fairly easy to characterize
a set of states such that every cycle in the state graph is covered. We know
that every firing sequence that reproduces the start marking forms a transition
invariant. Thus, choosing a set of transitions U such that the support of every
transition invariant contains an element from U, it is evident that every cycle in
the state graph contains at least one marking where a transition in U is enabled.
This approach has been described in [Sch03].

Combination of Reduction Techniques

Most techniques mentioned above can be applied in combination. The combined
application typically leads to additional reduction like in the case of joint applica-
tion of partial order reduction with the symmetry method. For some reduction
techniques, we experienced that their joint application with another technique
is actually a pre-requisite for a substantial reduction as such. For instance, the
sweep-line method only leads to marginal reduction for Petri nets with a lot of
cycles [Sch04]. Also, the cycle coverage reduction does not perform well on such
systems [Sch03]. Both methods can, however, lead to substantial (additional!) re-
duction when they are applied to a stubborn set reduced state space. This is due to
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a particular effect of partial order reduction. If a system consists of several, mostly
concurrently evolving, cyclic components, then the almost arbitrary interleaving
of transitions in these components closes a cycle in almost every reachable state.
This causes a tremendous number of regress transitions in the sweep-line method
(and thus a huge number of states to be stored permanently) and a huge number
of states to be stored with the cycle coverage reduction. Partial order reduction
decouples the arbitrary interleaving of concurrent components. A partial order re-
duced state space contains only a fraction of the cycles of the original state space,
and the remaining cycles tend to be significantly larger.

6 Conclusion

Petri nets as a formalism for modeling systems enjoy specific properties including
locality, linearity and monotonicity. These properties lead to specific verification
techniques such as the coverability graph, the invariant calculus, siphon /trap based
analyses, or the unfolding approach. In this article we demonstrated, that the spe-
cific properties of Petri nets are as well beneficial for the implementation of tech-
niques which are otherwise applicable in other formalisms as well. Our discussion
covered explicit state space verification as such, but also a number of state space
reduction techniques all of which can be applied to several modeling languages.

All mentioned methods have been implemented in the tool LoLA. LoLA is
able to solve problems that have practical relevance. We hold three reasons
responsible for the performance of LoLA:

— A consistent exploitation of the basis characteristics of Petri nets,

— A broad variety of reduction techniques which can be applied in many com-
binations, and

— The availability of dedicated reduction techniques for frequently used singu-
lar properties.

In this light, it is fair to say that LoLA is a Petri net state space tool.
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Abstract. In this work, we propose two high-level formalisms, Markov
Decision Petri Nets (MDPNs) and Markov Decision Well-formed Nets
(MDWNSs), useful for the modeling and analysis of distributed systems
with probabilistic and non deterministic features: these formalisms allow a
high level representation of Markov Decision Processes. The main advan-
tages of both formalisms are: a macroscopic point of view of the alternation
between the probabilistic and the non deterministic behaviour of the sys-
tem and a syntactical way to define the switch between the two behaviours.
Furthermore, MDWNSs enable the modeller to specify in a concise way
similar components. We have also adapted the technique of the symbolic
reachability graph, originally designed for Well-formed Nets, producing a
reduced Markov decision process w.r.t. the original one, on which the anal-
ysis may be performed more efficiently. Our new formalisms and analysis
methods are already implemented and partially integrated in the Great-
SPN tool, so we also describe some experimental results.

1 Introduction

Markov Decision Processes (MDP). Since their introduction in the 50’s, Markov
Decision process models have gained recognition in numerous fields including
computer science and telecommunications [13]. Their interest relies on two com-
plementary features. On the one hand, they provide to the modeler a simple
mathematical model in order to express optimization problems in random en-
vironments. On the other hand, a rich theory has been developed leading to
efficient algorithms for most of the practical problems.

Distributed Systems and MDPs. The analysis of distributed systems mainly
consists in (1) a modeling phase with some high-level formalism like Petri nets
(PN) or process algebra, (2) the verification of properties expressed in some logic
(like LTL or CTL) and (3) the computation of performance indices by enlarging
the model with stochastic features and applying either (exact or approximate)
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analysis methods or simulations. In this framework, a MDP may be viewed as a
model of a distributed system where it is possible to perform a non deterministic
choice among the enabled actions (e.g., the scheduling of tasks) while the effect of
the selected action is probabilistic (e.g., the random duration of a task). Then,
with appropriate techniques, one computes the probability that a property is
satisfied w.r.t. the “worst” or the “best” behavior [3l7]. The time model that
will be considered in this paper is discrete: each non deterministic choice is
taken in a given decision epoch, after the probabilistic consequence of the choice
has been performed, a new decision epoch starts.

Here the way we model distributed systems by MDPs is rather different. Dur-
ing a phase, the system evolves in a probabilistic manner until periodically a (hu-
man or automatic) supervisor takes the control in order to configure, adapt or
repair the system depending on its current state before the next phase. In other
words, usual approaches consider that the alternation between non determinis-
tic and probabilistic behavior occurs at a microscopic view (i.e., at the transition
level) whereas our approach adopts a macroscopic view of this alternation (i.e., at
a phase level). It should be emphasized that, depending on the applications, one
or the other point of view should be preferred and that the user should have an ap-
propriate formalism and associated tools for both cases. For instance PRISM [I1],
one of the most used tools in this context, works at the microscopic level whereas
the formalism of stochastic transition systems is based on a macroscopic view [g].
The latter formalism is a slight semantical variation of generalized stochastic Petri
nets [12] where the choice among the enabled immediate transitions is performed
non deterministically rather than probabilistically. Despite its simplicity, this for-
malism has a serious drawback for the design process since the modeler has no
mean to syntactically define the switches between the probabilistic behavior and
the non deterministic one. Furthermore, the difference between the distributed fea-
ture of the probabilistic behavior and the centralized one of the non deterministic
behavior is not taken into account.

Our contribution. In this work, we propose a high-level formalism in order to
model distributed systems with non deterministic and probabilistic features.
Our formalism is based on Well-formed Petri Nets (WN) []. First, we introduce
Markov Decision Petri nets (MDPN): an MDPN is defined by three parts, a
set of active components (e.g., processes or machines), a probabilistic net and a
non deterministic net. Every transition of the probabilistic net is triggered by a
subset of components. When every component has achieved the activities related
to the current probabilistic phase, the supervisor triggers the non deterministic
transitions in order to take some decisions, either relative to a component or
global. Every transition has an attribute (run/stop) which enables the modeler to
define when the switches between the nets happen. The semantics of this model
is designed in two steps: a single Petri net can be derived from the specification
and its reachability graph can be transformed with some additional information,
also specified at the MDPN level, into an MDP.

Distributed systems often present symmetries i.e, in our framework, many
components may have a similar behavior. Thus, both from a modeling and an
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analysis point of view, it is interesting to look for a formalism expressing and ex-
ploiting behavioral symmetries. So we also define Markov Decision Well-formed
nets (MDWN) similarly as we do for MDPNs. The semantics of a model is then
easily obtained by translating a MDWN into a MDPN. Furthermore, we develop
an alternative approach: we transform the MDWN into a WN, then we build the
symbolic reachability graph of this net [5] and finally we transform this graph
into a reduced MDP w.r.t. the original one. We argue that we can compute
on this reduced MDP, the results that we are looking for in the original MDP.
The different relations between the formalisms are shown in the figure depicted
below. Finally we have implemented our analysis method within the GreatSPN
tool [6] and performed some experiments.

MDWN

PN WN

MDP = Reduced MDP

Organization of the paper. In section[2l we recall basic notions relative to MDPs,
then we define and illustrate MDPNs. In section Bl we introduce MDWNs and
develop the corresponding theoretical results. In section dl, we present some ex-
perimental results. In section Bl we discuss related work. Finally we conclude
and give some perspectives in section

2 Markov Decision Petri Net

2.1 Markov Decision Process

A (discrete time and finite) MDP is a dynamic system where the transition
between states (i.e., items of S a finite set) are obtained as follows. First, given
s the current state, one non deterministically selects an action among the subset
of actions currently enabled (i.e., Ag). Then one samples the new state w.r.t. to
a probability distribution depending on s and a € Ay (i.e., p(-|s,a)). An MDP
includes rewards associated with state transitions; here, we choose a slightly
restricted version of the rewards that do not depend on the destination state (i.e.,
r(s,a)). Starting from such elementary rewards, different kinds of global rewards
may be associated with a finite or infinite execution thus raising the problem to
find an optimal strategy w.r.t. a global reward. For sake of simplicity, we restrict
the global rewards to be either the expected total reward or the average reward.
The next definitions formalize these concepts.

Definition 1 (MDP). An MDP M is a tuple M = (S, A, p,r) where:

— S is a finite set of states,
— A is a finite set of actions defined as |
actions in state s,

scs As where A is the set of enabled
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— Vs € S5,Va € As,p(|s,a) is a (transition) probability distribution over S such
that p(s'|s, a) is the probability to reach s’ from s by triggering action a,
— Vs € S,Va € Ag,r(s,a) € R is the reward associated with state s and action a.

A finite (resp. infinite) execution of an MDP is a finite (resp. infinite) se-
quence o = Sgag . . . Sp, (resp. o = Spap . . ) of alternating states and actions, s.t.
Vi, s; € SNa; € As; and p(sit|si,a;) > 0.

The total reward of such an execution is defined by trw(c) = Z?:_Ol r(si,a;)
(resp. trw(o) = lim, o0 Z?:_Ol r(si,a;) provided the limit exists) and its average
reward is arw(o) = | z::ol r(si,ai) (resp. arw(o) = lim, oo } Z?:_Ol r(si,a;)
provided the limit exists).

We denote SEQ*(M) (resp. SEQ°(M)) the set of finite (resp. infinite) se-
quences. A strategy st is a mapping from SEQ™ (M) to A such that st(spag . .. sp)
belongs to As, . Since a strategy discards non determinism, the behavior of M
w.I.t. st is a stochastic process M defined as follows. Assume that the current
execution is some spag .. .S, then a, = st(spag...s,) and the next state s,41
is randomly chosen w.r.t. distribution p(-|s,,a,). Consequently, the reward of
a random sequence of M*! is a random variable and the main problem in the
MDP framework is to maximize or minimize the mean of this random variable
and to compute the associated strategy when it exists. In finite MDPs, efficient
solution techniques have been developed to this purpose [13].

Here we want to model systems composed by multiple active components
whose behavior during a period is described in a probabilistic way and a cen-
tralized decision maker taking some decisions between execution periods (e.g.,
assigning available resources to components). Let us illustrate this kind of sys-
tems by a toy example. Imagine an information system based on two redundant
computers: this system is available as long as one computer is in service. A com-
puter may fail during a period. At the end of a period, the decision maker can
choose to send a single repairman to repair a faulty computer when he is not
yet busy. There is a fixed probability that the repairing ends inside the period.
In this framework, the rewards denote costs (for unavailability and repairs) and
the analysis aims at minimizing them. The MDP corresponding to this system is
shown in Fig. [l where the states description does not maintain the distinction
between the components; this is only possible when the computers are identical.

The design of this MDP is rather easy. However when the system has more
computers and repairmen with different behaviors, then modeling it at the MDP
level becomes unfeasible.

2.2 Markov Decision Petri Net

A Markov Decision Petri Net M is composed by two different parts (i.e. two
extended Petri nets): the probabilistic one NP" and the non deterministic one
N™ called the decision maker; it is thus possible to clearly distinguish and
design the probabilistic behavior of the system and the non deterministic one.
The probabilistic part models the probabilistic behavior of the system and can
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NoRepair

Q .NoRepal
D

State 0: both components are down.

State Or: both components are down
and one is under repair.

Repair
ir

State 1: a single component is down.

State 1r: a single component is down
and under repair.

NoRepair

NoRepair

Hr—— State 2: both components are up.

Fig. 1. Symbolic representation of the MDP modeling in this section

be seen as composition of a set of n components (CompP") that can interact;
instead the non deterministic part models the non deterministic behavior of the
system where the decisions must be taken (we shall call this part the decision
maker). Hence the global system behavior can be described as an alternating
sequence of probabilistic and non deterministic phases.

The probabilistic behavior of a component is characterized by two different
types of transitions Trun?” and T'stopP”. The TrunP” transitions represent in-
termediate steps in a probabilistic behavior phase and can involve several com-
ponents (synchronized through that transition), while the T'stop?” ones always
represent the final step of the probabilistic phase of at least one component.

In the non deterministic part, the decisions can be defined at the system

level (transitions of Tg”d) or at the component level (transitions of 7). The

nd

nd and Tstop;‘d, and Trun;

g
and Tstop?d with the same meaning. The decision maker does not necessarily

control every component and may not take global decisions. Thus the set of
controllable “components” Comp™® is a subset of CompP™ W {ids} where id
denotes the whole system.

The probabilistic net is enlarged with a mapping weight associating a weight
with every transition in order to compute the probabilistic choice between tran-
sitions enabled in a marking. Furthermore it includes a mapping act which asso-
ciates to every transition the subset of components that (synchronously) trigger
the transition. The non deterministic net is enlarged with a mapping obj which
associates with every transition the component which is involved by the transi-
tion. The following definition summarizes and formalizes this presentation.

sets T;'* and T;" are again partitioned in Trun

Definition 2 (Markov Decision Petri Net (MDPN)). A Markov Decision
Petri Net (MDPN) is a tuple MN = (Comp®", Comp™®, NP" N"4) where:

— CompP" is a finite non empty set of components;

— Comp™® C CompP" W {id,} is the non empty set of controllable components;
— NP7 s defined by a PN with priorities [I2] (P, T?", IP", OP", HP"  prioP” , my),
a mapping weight: TP" — R and a mapping act: TP" — 2Comp™ - Moreover
TP" = TrunP™ W T stopP”

N™ s defined by a PN with priorities (P, ™, 1" O™ H" prio™® mg)
and a mapping obj: T" — Comp™®. Moreover T" = Trun™® v Tstop™.
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Furthermore, the following constraints must be fulfilled:

— TP AT = (. A transition cannot be non deterministic and probabilistic.

— Vid € CompP™,3C C Comp*", s.t. id € C and act=1({C}) N Tstop?” # .
Every component must trigger at least one final probabilistic transition.

— Vid € Comp™, obj~1({id}) N Tstop™ # (). Every controllable component
must be the object of at least one final non deterministic transition.

Note that the probabilistic part and the decision maker share the same set of
places and the same initial marking. Let us now introduce the rewards associated
with the MDPN net. As will be developed later, an action of the decision maker
corresponds to a sequence of transition firings starting from some marking. We
choose to specify a reward by first associating with every marking m a reward
rs(m), with every transition ¢ a reward 7t(t) and then by combining them with
an additional function rg (whose first parameter is a state reward and the second
one is a reward associated with a sequence of transition firings). The requirement
on its behavior given in the next definition will be explained when presenting
the semantics of a MDPN.

Definition 3 (MDPN reward functions). Let MN be a MDPN. Then its
reward specification is given by:

— rs : NP — R which defines for every marking its reward value.
— rt: T™ — R which defines for every transition its reward value.
—rg: R xR — R, not decreasing w.r.t its second parameter.

An example of (a portion of) probabilistic and non deterministic subnets is shown
in Fig. Bt in the framework of the MDPN formalism, the annotations on arcs and
next to the places and transitions should be ignored. The decision maker imple-
ments the possible ways of assigning resources (e.g. for component repair) to those
components that need them (e.g. failed components): for each component need-
ing a resource two possibilities are included, namely assign or not assign resource.
The probabilistic part shows 3 system components: two of them are controllable
(let’s call them Proc and Mem), one is not controllable (let’s call it ResCtr). The
Proc and Mem components can work fine or fail, the third one supervises the re-
pair process (when the resource is available) and the Proc and/or Mem resume
phase. T'stop transitions are e.g. WorkFineProc, WaitRepProc, ResumeProc, Re-
sumeMemProc, the first two involving only Proc, the third involving Proc and
ResCtr, the last one involving all three components; the firing of these tran-
sitions mean that the involved components have reached a stable state in the
current decision epoch. Trun transitions are e.g. FailProc, FailMem involving re-
spectively Proc and Mem, and EndRep involving only ResCtr. These transitions
represent intermediate steps in the components evolution (e.g. a failure can be
followed by a wait for repair resource or a resume final step).

MDPN Semantics. The MDPN semantics is given in three steps. First, one
composes the probabilistic part and the decision maker in order to derive a
unique PN. Then one generates the (finite) reachability graph (RG) of the PN.
At last, one produces an MDP from it.
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Fig. 2. Arcs connecting the places Stop?”, Run?® and the transition PrtoNd; arcs
connecting the places Stop??, Run?® and the transition NdtoPr

From MDPN to PN. First we explain the semantics of additional places Stop!”,
Run®” , Stop?®, Run?® Stop§? and Runf?and additional non deterministic
tranbltlonb PrtoNd and NdtoPr. Places Stop?”, Run!" , Stop?®, Run, Stopp?
and Runp? regulate the interaction among the componentb the global system and
the decmon maker. There are places Run , Stop” for every component 4, while
we insert the places Run and S top d if the decision maker takes same global de-
cision and the pair of places Run?® and Stop?? for every controllable component
i € Comp™®. Non deterministic transitions PrtoNd and NdtoPr ensure that the
decision maker takes a decision for every component in every time unit: the for-
mer triggers a non deterministic phase when all the components have finished their
probabilistic phase whereas the latter triggers a probabilistic phase when the de-
cision maker has taken final decisions for every controllable component.

The scheme describing how these additional items are connected together
and with the nets of the MDPN is shown in Fig. 2l The whole PN NP =
(peomp eomp [eomp (eomp  [ICOMp prjocomp ) related to a MDPN MN
is defined below.

— P = P Wiccomp,, {Runt", Stop!" } Wiccomp,. {Run??, Stopi?}
— Teomp = TP" 1y T @ { PrtoNd, thoPr}
— The incidence matrices of N°™? are defined by:
o Vpe PteT™,
Icomp(p’ t) — Ind(p7 t), Ocomp(p’ t) — Ond(p7 t), I{com,p(p7 t) — Hnd(p’ t)
e Vpe Pte TP,
10m0 (p, ) = 177 (p, ), 0°™ (p, ) = OV (p, ), H*"™(p, £) = H" (p, )
Vt € Tstop?” s.t. i € act(t) : I°°™P(Runl” t) = O™ (Stop?” ,t) = 1
Vt € TrunP” s.t.i € act(t) : [°°"P(Runf",t) = O“™P(Runl” t) = 1
Vt € Tstop™® s.t.i € act(t) : [°°™P(Run??,t) = O™ (Stopd t) = 1
vt € Trun™ s.t.i € act(t) : I°°P(Run?® t) = O“°™P(Run?,t) = 1
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o Vi € Compy, : [°°P(Stopt”, PrtoNd) = O“°™P(Runl”, NdtoPr) =1
o Vi € Compyg : [¢°mP(Stop??, NdtoPr,) = O™ (Run?®, PrtoNd) = 1
e for all I(p,t),O(p,t), H(p,t) not previously defined,
190mP (p, £) = O%OmP (p,t) — 0, HEmP(p, £) = o
— Yt € T™, prio(t) = prio™(t), Vt € TP", prio(t) = prioP" (t),
prio(PrtoNd) = prio(NdtoPr) = 1, (actually these values are irrelevant)
~ Vp € Pmg " (p) = mo(p), mg ™" (Run}) = 1,
mocomp(Stop?d) = mgomp(Runfr) = mgomp(Stopr) =0.

RG semantics and transitions sequence reward. Considering the RG obtained
from the PN we observe that the reachability set (RS) can be partitioned into
two subsets: the non deterministic states (RSyq), in which only non determin-
istic transitions are enabled, and the probabilistic states (RSp,), in which only
probabilistic transitions are enabled. By construction, the PN obtained from a
MDPN can never reach a state enabling both nondeterministic and probabilistic
transitions. A probabilistic transition can be enabled only if there is at least one
place Run?" with m(Run?") > 0, while a non deterministic transition can be
enabled only if there is at least one place Run?® with m(Run??) > 0. Initially
only Run?d places are marked. Then only when all the tokens in the Run?d
places have moved to the Stop?® places (through the firing of some transition in
Tstop™?), the transition NdtoPr can fire, removing all tokens from the Stop??
places and putting one token in every Run!” place. Similarly, transition PrtoNd
is enabled only when all tokens have moved from the Run!" to the Stop!” places;
the firing of PrtoNd brings the tokens back in each Run?d place. Thus places
Run?" and places Runl® cannot be simultaneously marked.

Observe that any path in the RG can be partitioned into (maximal) sub-
paths leaving only states of the same type, so that each path can be described as
an alternating sequence of non deterministic and probabilistic sub-paths. Each
probabilistic sub-path can be substituted by a single “complex” probabilistic
step and assigned a probability based on the weights of the transitions firing
along the path. The non deterministic sub-paths can be interpreted according to
different semantics (see [2] for a detailed discussion). Here we select the following
semantics: a path through non deterministic states is considered as a single
complex action and the only state where time is spent is the first one in the
sequence (that is the state that triggers the “complex” decision multi-step). So
only the first state in each path will appear as a state in the MDP (the other
states in the path are vanishing, borrowing the terminology from the literature
on generalized stochastic Petri nets).

Let us now define the reward function for a sequence of non deterministic
transitions, o € (T"%)*; abusing notation we use the same name rt() for the
reward function for single transitions and for transition sequences. The following
definition rt(c) assumes that the firing order in such a sequence is irrelevant
w.r.t. the reward which is consistent with an additive interpretation when several
decisions are taken in one step.
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Definition 4 (Transition sequence reward rt(c)). The reward for a non
deterministic transition sequence is defined as follows:

(o) = 2Lieqna rt(t)|ol:
where |ol; is the number of occurrences of non deterministic transition t in o.

Generation of an MDP given a RG of a MDPN and the reward structure. The
MDP can be obtained from the RG of the PN model in two steps: (1) build
from the RG the RG,q4 such that given any non deterministic state nd and any
probabilistic state pr all maximal non deterministic sub-paths from nd to pr
are reduced to a single non deterministic step; (2) build the RGypp (i-e., a
MDP) from the RG,q such that given any non deterministic state nd and any
probabilistic state pr, all maximal probabilistic sub-paths from pr to nd are
substituted by a single probabilistic step. Finally derive the MDP reword from
rs,rt and rg functions.

Let nd be a non deterministic state reached by a probabilistic transition (such
states will be the non deterministic states of RG,4). We focus on the subgraph
“rooted” in nd and obtained by the maximal non deterministic paths starting
from nd. Note that the probabilistic states occurring in this subgraph are ter-
minal states. If there is no finite maximal non deterministic sub-paths starting
from nd then no probabilistic phase can follow. So the construction is aborted.
Otherwise, given every probabilistic state pr of the subgraph, one wants to ob-
tain the optimal path 0,4, from nd to pr w.r.t. the reward. Once for every
such pr, this path is computed, in RG,4 an arc is added from nd to pr labeled
by 0y4,pr- The arcs starting from probabilistic states are unchanged in RG,q.

Thus the building of RG 4 depends on whether the optimization problem is a
maximization or a minimization of the reward. We only explain the minimization
case (the other case is similarly handled). We compute such a sequence using
the Bellman and Ford (BF) algorithm for a single-source shortest paths in a
weighted digraph where the transition reward is the cost function associated with
the arcs. This algorithm is sound due to our (cumulative) definition for rewards
of transition sequences. Note that if the BF algorithm finds a negative loop
(i.e., where the reward function decreases), the translation is aborted. Indeed
the optimal value is then —oco and there is no optimal sequence: this problem
must be solved at the design level.

We now explain how to transform RG,, into the MDP RGupp. Given a
probabilistic state pr and a non deterministic state nd we want to compute the
probability to reach nd along probabilistic sub-paths. Furthermore, the sum of
these transition probabilities over non deterministic states must be 1. So if in
RG 4, there is a terminal strongly connected component composed by only prob-
abilistic states, we abort the construction. The checked condition is necessary
and sufficient according to Markov chain theory. Otherwise, we obtain the transi-
tion probabilities using two auxiliary matrices. P®™?") a square matrix indexed
by the probabilistic states, denotes the one-step probability transitions between
these states and P9 a matrix whose rows are indexed by the probabilistic
states and columns are indexed by non deterministic states, denotes the one-step
probability transitions from probabilistic states to non deterministic ones. Let us
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describe how these transition probabilities are obtained. These probabilities are
obtained by normalizing the weights of the transitions enabled in pr. Now again,
according to Markov chain theory, matrix P = (Id —P®"P"))~ 1o P(Prnd) wwhere
Id is the identity matrix represents the searched probabilities. A similar trans-
formation is performed in the framework of stochastic Petri nets with immediate
transitions (see [12] for the details).

Finally in the MDP, the probability distribution p(:|nd, o) associated with
state nd and (complex) action o, assuming nd —— pr, is given by the row vector
P[pr, -] and the reward function for every pair of state and action is defined by the
following formula: r(nd, o) = rg(rs(nd), rt(c)). Since rg is not decreasing w.r.t.
its second parameter, the optimal path w.r.t. ¢ found applying the Bellman and
Ford algorithm is also optimal w.r.t. rg(rs(nd), rt(-)).

Discussion The MDPN is a high-level formalism for specifying MDPs. However
this formalism suffers a drawback: by definition, the components are identified
and always distinguished in the state representation, even if they have similar
behavior (i.e., even if one component is an exact copy of another component).
This can have an impact both at the level of the model description (which could
become difficult to read when several components are present), and at the level
of the state space size. In the next section, we cope with these problems by
introducing a higher-level formalism.

3 Markov Decision Well-Formed Net

3.1 WN Informal Introduction

WNs are an high-level Petri net formalism whose syntax has been the start-
ing point of numerous efficient analysis methods. Below, we describe the main
features of WNs. The reader can refer to [4] for a formal definition.

In a WN (and more generally in high-level nets) a color domain is associated
with places and transitions. The colors of a place label the tokens contained in
this place, whereas the colors of a transition define different ways of firing it.
In order to specify these firings, a color function is attached to every arc which,
given a color of the transition connected to the arc, determines the number of
colored tokens that will be added to or removed from the corresponding place.
The initial marking is defined by a multi-set of colored tokens in each place.

A color domain is a Cartesian product of color classes which may be viewed as
primitive domains. Classes can have an associated (circular) order expressed by
means of a successor function. The Cartesian product defining a color domain is
possibly empty (e.g., for a place which contains neutral tokens) and may include
repetitions (e.g., a transition which synchronizes two colors inside a class). A
class can be divided into static subclasses. The colors of a class have the same
nature (processes, resources, etc.), whereas the colors inside a static subclass
have the same potential behavior (batch processes, interactive processes, etc.).

A color function is built by standard operations (linear combination, com-
position, etc.) on basic functions. There are three basic functions: a projection
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which selects an item of a tuple and is denoted by a typed variable (e.g., p, q); a
synchronization/diffusion that is a constant function which returns the multiset
composed by all the colors of a class or a subclass and is denoted Sc, (Sc, )
where C; (C; ) is the corresponding (sub)class; and a successor function which
applies on an ordered class and returns the color following a given color.

Transitions and color functions can be guarded by expressions. An expres-
sion is a boolean combination of atomic predicates. An atomic predicate either
identifies two variables [p = ¢| or restricts the domain of a variable to a static
subclass.

Examples of arc functions, transition guards, color domains can be seen in
the model portions of Fig. Bland Fig. @l The details about the WN notation can
be found in [4].

The constraints on the syntax of WN allow the automatic exploitation of
the behavioral symmetries of the model and the performance of the state-space
based analysis on a more compact RG: the symbolic reachability graph (SRG).
The SRG construction lies on the symbolic marking concept, namely a compact
representation for a set of equivalent ordinary markings. A symbolic marking is a
symbolic representation, where the actual identity of tokens is forgotten and only
their distributions among places are stored. Tokens with the same distribution
and belonging to the same static subclass are grouped into a so-called dynamic
subclass. Starting from an initial symbolic marking, the SRG can be constructed
automatically using a symbolic firing rule [4].

Various behavioral properties may be directly checked on the SRG. Further-
more, this construction leads also to efficient quantitative analysis, e.g. the per-
formance evaluation of Stochastic WNs (SWNs) [E] (a SWN is obtained from
a WN by associating an exponentially distributed delay with every transition,
which may depend only on the static subclasses to which the firing colors belong).

3.2 Markov Decision Well-Formed Net Definition

A Markov Decision Well-formed Net, like an MDPN, is composed by two dis-
tinct parts: the probabilistic one and the non deterministic one, and also in
this case the set of transitions in each part is partitioned into Trun and T stop.
Each part of a MDWN is a WN model: the two parts share the same set of
color classes. A MDWN comprises a special color class, say Cj, representing
the system components: its cardinality |Cy| gives the total number of compo-
nents in the system. This class can be partitioned into several static subclasses
Co = (W= Cox) W (Wr,,+1 Cok) such that colors belonging to different static
subclasses represent components with different behavior and the first m static
subclasses represent the controllable components while the others represent the
non-controllable components. Observe that the model is parametric in the num-
ber of components of each.

Let us describe the specification of transition triggering by components in an
MDWN. First, remember that the firing of a transition ¢ involves the selection a
color ¢ = (¢i5)ic0..njel..e; € cd(t) = Q,cq., Ci*- Thus the subset of components
{co,j}jc1..e, defines which components trigger the firing of ¢(c).
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— When the type (synctype(t)) of t is Some then the subset of components that
trigger this firing is Comp(t, ¢) = {co,j }jedyn(t), Where dyn(t) C {1,...,eo}.
Note that when t is a probabilistic transition, this requires that dyn(t) # 0
whereas when ¢ is a non deterministic one, this requires that |dyn(t)| < 1
(with the convention that dyn(t) = () means that ¢ is a decision relative to
the system). Furthermore in the latter case, we assume that the guard of ¢
entails that when dyn(t) = {co;}, co,; € Wi~ Cok, i.e. ¢ ; is a controllable
component.

— When the type of t is Allbut then the subset of components that trigger
this firing is Comp(t, ¢) = Wyesraricr) Co.k \ {co,itjedyn(r) where static(t) C
{1,...,n0}. Note that this type requires that ¢ is a probabilistic transition.
Additional conditions in the following definition ensure that this set of com-
ponents is not empty.

Definition 5 (Markov Decision Well-formed Net (MDWN)). A Markov
Decision Well-formed is a tuple MDWN = (NP", N™ synctype, dyn, static)
where:

— NP s defined by a WN (P, TP",C,cdP", IP", OP" HP" ¢P" prioP”, my), a
mapping weights for each transition t, from cdPr(t) to R

— N" s defined by a WN (P, T"%,C, cd™, ", O™ H" ¢, prio,mg);

— synctype : TP" UT™ — {Some, Allbut} is a function which associates with
every transition a label, s.t. Yt € T™ = synctype(t) = Some.

— dyn(t), where t € TP" UT™ and cd(t) = Ricio,...ny Ci's is a subset of
{1,...,e0} (cd is either cd’" or cd™®);

— static(t), defined when synctype(t) = Allbut, is a subset of {1,...,ng} where
ngo represents the number of static subclasses in Cy.

Furthermore, the following constraints must be fulfilled:

— TPr N Tnd — @}.

— TP = TrunP” W Tstop?” A T™* = Trun™® & Tstop™®;

— Vt € TP" A synctype(t) = Some = dyn(t) # 0;

— Vit s.t. synctype(t) = Allbut, > ) |Cojl > |dyn(t)| (see discussion
above);

—Vt € T = 0 < |dyn(t)| < 1; moreover the transition guard ¢(t) should
enforce that when t(c) is fireable with ¢ = (¢ik)ico.mkel..e; € cd(t) and
J € dyn(t) then co; € Wi, Cox;

— Veg € Cp, 3t € T'stopP”, Ic € cd(t), s.t. ¢(t)(c) Aco € Comp(t,c) and Yy €
Wie, Cok, 3t € Tstop™,Jc € cd(t), s.t. p(t)(c) Aco € Comp(t,c). These
conditions can be ensured by appropriate syntactical sufficient conditions.

- Y{4,7'} Cdyn(t) Nj # j',Ye = (¢ik)ico.nkel.e; € cd(t) s.t. t(c) is possibly
fireable one must have co j # co j. This should be enforced by the transition
guard.

j€Estatic

Now we introduce the rewards associated to the MDWN. Two types of reward
functions are possible: the place reward and the transition reward. Before intro-
ducing the place reward we must define the set C.
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Definition 6 (C). Let i € {1,...,n}, C; is the set {1,...,n;} where n; is the
number of static subclasses in C;. C is the set of sets {C;}ier with I ={0,...,n}.

We can always map the color class C on the set C such that the definition of the
cd function immediately follows.

Definition 7 (cd). The function CNd( ) is defined as follows:
def

cd = (®Ze1 Ci') = Qe CF
For instance if Co = Co 1 J Co 1 U Co 3 where Co 1 = {compl,compg} Co 2 =
{comps}, Co3 = {comp4} hence Co = {CO 1,C0.1,Co3}, and p € P with ed(p) =
Coy x Cy x Cp then cd( ) = Co X Co X CO, ¢ = (compy, compa, comps) € cd(p)
and €= (1,1,2) € cd(p).
It is important to observe that a unique ¢ corresponds to every c.

Definition 8 (MDWN reward functions).

—rs: ®p€P Ned®) — R is a function which returns for every colored marking
a reward value.

— Vt € T™ rt[t] : cd(t) — R is a vector which associates with every transition
a function defining the reward value of its instances; two instances may be
assigned a different reward value only if there exists a standard predicate
capable to distinguish the two.

—rg: R xR — R is defined as in MDPN.

An example of MDWN is shown in Fig. [3 the same already used to illustrate
MDPNSs, but this time color annotations on arcs, transitions and places are
relevant. In this model we are assuming that there are several instances of Proc,
Mem and ResCtr components (grouped in banks, each with one instance of
each component): rather than replicating the same subnet several times, we use
colored tokens to represent several instances on the same net structure (there is
also another controllable component not shown in the probabilistic subnet, but
visible in the decision maker). Class Cy comprises four static subclasses, one for
each component type. The cardinality of the Proc, Mem and ResCtr subclasses
corresponds to the number of banks in the system. Arcs in Fig. [3 are annotated
with very functions (tuples of projections) and all the variables appearing in the
functions in this example are component parameters. The guards on the arcs
include a term in the form d(x) = CompType to force parameter x to range
within static subclass CompType. The additional terms ¢gy., ¢z-, ¢y- are not
detailed here, but are used to associate components in the same bank: in fact
the probabilistic part of the model must correctly synchronize components of
type Proc, Mem and ResCtr belonging to the same bank (the model represents
a situation where only one resource is assigned to each bank at a time, and it
can be used to resume all failed components in the bank).
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Trun®P” = {FailProc, FailMem, EndRep} all other transitions belong to T'stop””; all variables are
component parameters. All transitions in the decision maker are in Tstop™®. Transition priorities
are denoted m = prio(t) in the figure. Cg 1, Co,2 and Cp,3 are the Proc, Mem and ResCtr subclasses
respectively. Here we have represented the probabilistic transitions with different simbols (double
rectangle, gray rectangle and double gray rectangle) depending on the involved components

Fig. 3. MDWN example. On the left: a portion of probabilistic part, on the right: the
decision maker.

3.3 MDWN Semantics

In this section we are going to describe how it is possible to obtain from an
MDWN model the corresponding MDP model. The two possible methods are
shown in the figure of the introduction.

The first method requires the unfolding of the MDWN in order to obtain an
equivalent MDPN and to derive from this an MDP, but this is not very efficient
in fact it will multiply the number of places, transitions and arcs, moreover if the
number of components is high the cost for computing the results will be high.
In [2] it is possible to find the details of this method.

Instead the second method derives directly from an MDWN model an MDP.
This second method can be decomposed in two steps: the first step defines how
to compose the probabilistic part and the decision maker and to derive from such
composition a unique WN. The second step consists in generating the (finite)
RG of the WN obtained in the first step and then in deriving an MDP from it.
In this way there is no need to produce the intermediate MDPN.

Before describing the second method we must explain the use of the places
Stop}", Run!", Stoptd, Runl®, Stop”d Run;‘d and the non deterministic tran-
sitions PrtoNd and N dtoPr7 that are introduced during the composition phase.

The places StopP”, RunPT, Stopl"d, Runl"d, Stop;‘d and Rungd are used in
order to regulate the interaction among the components, the global system and
the decision maker like the similar places in the semantics for MDPN. The color
domain of the places Stop?”, RunP", Stopfd is Cy, that is they will contain
colored tokens representing the components; while Rungd7 Stopgd are neutral.
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Fig. 4. arcs connecting places Stop?”, Run??, Run”®, and transition PrtoNd and
their functions; arcs connecting places Stop?, Stopy©, Run}® and transition NdtoPr
and their function; example of connection of the decision maker to places Run"d and
Stop™d: component parameters are highlighted in boldface in the arc functions.

The non deterministic transitions PrtoNd and NdtoPr are used to assure that
the decision maker takes a decision for every component in every time unit.

The schema describing how the places Stop?”, Run?", Stopp®, Runp¢, Stop;‘d
and Run;‘d and the transitions PrtoNd and NdtoPr are connected, is shown in
Figll Observe that the basic schema is the same already defined for MDPN but
now the arcs are annotated with function < S > meaning that all components
must synchronize at that point.

Let us describe how to derive a unique WN composing the probabilistic part
with the non deterministic part. Places RunP” and StopP”, introduced above, are
connected with its run/stop transitions of NP" in the same way as for MDPNs;
similarly places Run?d and Stopfd Run;‘d and Stopgd introduced above are
connected to the run/stop transitions of N™¢ as for MDPNs, but now the arcs
must be annotated with the following functions.

— YVt € TPr U T, if synctype(t) = Some then the function is (X icdyn(t) 0,5
where variable zg ; denotes the i-th component of type Cj in the color do-
main of ¢. This function selects the colors of the component that trigger the
transition, thus checking that all of them are still active.

— Vit € Trun?”, if synctype(t) = Allbut then the function is (3
Ziedyn(t) xo4) with the same interpretation.

) 50,5~

jEstatic(t

Observe that the arcs connecting transitions Tg”d and places Run;‘d, Stopgd are
not annotated with any function because these places have neutral color (i.e.
they contain plain black tokens) since they are related to the decision w.r.t. the
whole system.

Once the composed WN is built, its RG can be constructed and transformed
into a MDP following the same two steps already explained for MDPN. Here,
since we start from a high-level net, the resulting reachability graph may be
huge. So the following subsection describe how the properties of WN can be
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extended to MDWN so that a smaller MDP can be directly derived from the
Symbolic Reachability Graph (SRG) of the corresponding WN.

3.4 Theoretical Results on Symmetry Exploitation

In this section, we informally describe how we exploit the symbolic reachability
graph in order to obtain a reduced MDP on which the solution to the original
problem can be computed (see [2] for a complete theoretical development).

First, let us pick a symbolic reachable marking which only enables non deter-
ministic transitions and an ordinary marking belonging to this symbolic marking.
Now let us pick two ordinary firings from this marking corresponding to the same
symbolic firing. Suppose that, at some instant of an execution, a strategy selects
one of these firings. Then, after selecting the other firing, one mimics the original
strategy by applying one of the permutations which lead from the former firing
to the latter one to any subsequent (probabilistic or non deterministic) firing and
let invariant the ordinary marking. Due to our assumptions about the rewards,
the two executions yield the same (total or average) reward. It means that the
choice of the second firing is at least as good as the selection of the first firing.
Since the argument is symmetric, one concludes that the selection of any non
deterministic firing inside a symbolic arc is irrelevant.

Then the reduced MDP obtained from the SRG by considering that a symbolic
firing of a non deterministic transition corresponds to a single decision and that
the weight of probabilistic symbolic firing is the weight of any ordinary firing
inside it (any choice leads to the same weight due to our assumptions) multiplied
by the number of such firings provides an MDP equivalent to the original one
w.r.t. the considered optimization problem. Indeed the rewards do not depend
on the choice of an ordinary marking inside a symbolic marking and the choice
of an ordinary firing inside a symbolic firing. We will call SRG,4 the SRG
where all the transition instances passing only through non deterministic states
are reduced to one non deterministic step and SRGypp the SRG,q where all
probabilistic paths are substituted by single probabilistic arcs.

4 Experiments Discussion

In this section we will present an example modeling a multiprocessor system
where each processor has a local memory, but with also a global shared memory
that can be used by any processor when its local memory fails. Each processor,
local memory and global shared memory can fail independently; however we
consider recoverable failures, that can be solved by restarting/reconfiguring the
failed component. The system includes an automatic failure detection system
that is able to detect and perform a reconfiguration of the failed component
(e.g. by resetting it). The failure detection and recovery system can handle a
limited number k of failures in parallel.

Notice that if a local memory M; and the global shared memory Mg are
both failed at the same time, the processor P; cannot perform any useful work,
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Table 1. Results for the example modeling a multiprocessor system. The RG for
Proc=4 and Mem=4 is not computed because it requires a lot of time; its size is
computed indirectly by the SRG.

Proc=2,Mem=2,Res=2 Proc=3,Mem=3,Res=2 Proc=4,Mem=4,Res=2
Prob. Non det. Time Prob. Non det. Time Prob. Non det. Time

RG 19057 21031 13s 755506 863886 1363s 26845912 31895848 >13h
RG 4 19057 441 9s 755506 4078 2833s
RGumpDP 0 441 2s 0 4078  250s
SRG 9651 10665 9s 132349 150779 284s 1256220 1478606 5032s
SRG,q 9651 219 3s 132349 831 222s 1256220 2368 12795s
SRGuppP 0 219 1s 0 831 28s 0 2360 518s
RG prio 19057 5235 9s 755506 103172 983s 26845912 1863024 >13h
RG 4 prio 19057 411 4s 755506 4078 1830s
RG]VIDP pI‘iO 0 411 2s 0 4078 246s
SRG prio 9651 2697 6s 132349 18904 187s 1256220 96044 3270s
SRG,q prio 9651 219 2s 132349 831 75s 1256220 2368 1560s
SRGupp prio 0 219 1s 0 831 26s 0 2360  234s

even if it is not failed and that if the processor P; and its local memory M,
are simultaneously failed, they are reset together (this is considered as a single
reset operation). The components in this system are: n processors, n local mem-
ories and one global shared memory. A portion of MDWN representation of this
system is depicted in Fig.

The decision maker corresponds to the automatic failure detection and recov-
ery system. Several different recovery strategies can be conceived, and we are
interested in evaluating the most promising ones with respect to some metrics.

An MDPN (or MDWN) model of this system is composed of a submodel
representing all the components of the system (which in turn can be seen as a
combination of several submodels of the single components), and a submodel
representing the failure detection and recovery system, which in this context
corresponds to the decision maker.

The decision maker model may represent any possible recovery strategy, in
this case it should be modeled in such a way that any association of up to k
recovery resources to any subset of failed components at a given time can be
realized by the model.The system must pay a penalty depending of the number
of running processors when the number of running processors is less than a given
threshold and a repair cost for every recovery. More details about this example
are shown in [2]. The table [[] shows the number of states and the computation
time respectively of the RG, RG,q, RGypp, SRG,SRG,q and SRGypp for
different numbers of processors and memories performed with an AMD Athlon
64 2.4Ghz of 4Gb memory capacity. In particular the first, the second and the
third line report the number of states and computation time of the RG, the RG,,4
and the RG,,qp, while the following three lines show the number of states and
the computation time obtained using the SRG technique. It is easy to observe
how the SRG technique wins in terms of memory and time gain with respect to
the RG technique.
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A further reduction of the number of states for this model can be achieved as-
sociating different priorities to the system transitions such that the interleavings
between the non deterministic/probabilistic actions are reduced. For instance
the last six lines in table [l show the reduction in terms of non deterministic
states and time computation obtained imposing an order on the decision maker
choices. (First the decision maker must take all the decisions for the processors
then for the memories and in the end for the global memory).

It is not always possible to use this trick since the actions must be independent;
the priorities in practice must not reduce the set of possible strategies. Our tool
solves the MDPs using the library graphMDP developed at the Ecole Nationale
Suprieure de 1’Aronautique et de I'Espace Toulouse. The optimal strategy is
expressed as a set of optimal actions, such that for every system state an optimal
action is given.

For example if we consider a model with two processors, two memories and two
recovery resources, and with reasonable fault probability, and repair and penalty
costs then we observe that if a fault happens and there is a free recovery resource
then the recovery of this fault starts immediately and the global memory recovery
is preferred with respect the processor recovery and the memory recovery.This
is not always true, e.g. if global memory recovery cost is more than four times
of the memory repair cost.

After having obtained the optimal strategy we would like to synthesize a
new model without non determinism implementing it (this could be achieved by
substituting the decision maker part with a new probabilistic part implementing
the decisions of the optimal strategy): classical Markov chain analysis techniques
could be applied to this model, moreover the new net would constitute a higher
level (hopefully easier to interpret) description for the optimal strategy. Unfor-
tunately this is not always easy (especially when the number of states is large),
but this is an interesting direction of future research.

5 Related Work

In this section we are going to compare our formalism with two other high level
formalisms for MDP: the PRISM language and the Stochastic Transition System
(STS) proposed in [§].

The PRISM language [I1] is a state-based language based on the Reactive
Modules formalism of Alur and Henzinger [I]. A system is modeled by PRISM
language as composition of modules(components) which can interact with each
other. Every model contains a number of local variables used to define it state in
every time unit, and the local state of all modules determines the global state.
The behavior of each module is described by a set of commands; such that a
command is composed by a guard and a transition. The guard is a predicate
over all the (local/nonlocal) variables while a transition describes how the local
variable will be update if the its guard is true.
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The composition of the modules is defined by a process-algebraic expression:
parallel composition of modules, action hiding and action renaming.

Comparing the MDPN formalism with the PRISM language we can observe
that they have the same expressive power: we can define local or global non-
deterministic actions and the reward function on the states and/or on the actions
in both formalisms; such that it is possible to translate MDPN model directly
in a PRISM model. The main difference is that by using the MDPN formalism
one can define complex probabilistic behaviors and complex non-deterministic
actions as a composition of simpler behaviors or actions.

If we compare the PRISM language with the MDWN then we can see that the
MDWN has two other advantages: a parametric description of the model and an
efficient analysis technique making it possible to automatically take advantage
of intrinsic symmetries of the system. In fact the PRISM language has a limited
possibility for parametrization. In order to cope with this problem in [9] it was
presented a syntactic pre-processor called eXtended Reactive Modules (XRM)
which can generate RM models giving to the users the possibility of describing
the system using for instance: for loops, if statements.

Instead several techniques proposed in order to reduce the states explosion
problem in PRISM i.e. in [I0] were based on the minimization of the RG with
respect to bisimulation; but this requires the building of all the state space and
then to reduce it; hence our method gives the possibility of managing models
with a bigger number of states. It generates directly the Lumped MDP without
building all the state space.

A direct comparison between our formalisms and the STS is not possible,
because the STSs are an high level formalism for modeling the continuous time
MDPs. It extends the Generalized Stochastic Petri Net by introducing transitions
with an unspecified delay distributions and by the introducing the possibility of
non-deterministic choice among enabled immediate transitions. In every way we
can observe that the STS has the same problems of GSPN formalism; that make
its utilization less advantageous with respect to the WN. It is also important to
observe that there are no tools supporting this formalism.

6 Conclusion

We have introduced MDPNs, based on Petri nets, and MDWNs, based on Well-
formed nets, in order to model and analyze distributed systems with probabilis-
tic and non deterministic features. From a modeling point of view, these models
support a macroscopic point of view of alternation between the non probabilis-
tic behavior and the non deterministic one of the system and a syntactical way to
define the switch between the two behaviors. Furthermore, MDWNs enable the
modeler to specify in a concise way similar components. From an analysis point of
view, we have adapted the technique of the symbolic reachability graph producing
a reduced Markov decision process w.r.t. the original one, on which the analysis
may be performed. Our methods are already implemented and integrated in the
GreatSPN tool and we have described some experimental results.
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Abstract. In this paper, we consider bounded Time Petri Nets where
time intervals (strict and large) are associated with places (P-TPN), arcs
(A-TPN) or transitions (7-TPN). We give the formal strong and weak
semantics of these models in terms of Timed Transition Systems. We
compare the expressiveness of the six models w.r.t. (weak) timed bisimi-
larity (behavioral semantics). The main results of the paper are : (i) with
strong semantics, A-TPN is strictly more expressive than P-TPN and
T-TPN ; (ii) with strong semantics P-TPN and T-TPN are incompara-
ble ; (ili) T-TPN with strong semantics and 7-TPN with weak semantics
are incomparable. Moreover, we give a classification by a set of 9 relations
explained in Fig. [[4] (p. B0).

1 Introduction

The two main extensions of Petri Nets with time are Time Petri Nets (TPNs) [1§]
and Timed Petri Nets [20]. For TPNs a transition can fire within a time interval
whereas for Timed Petri Nets it has a duration and fires as soon as possible or
with respect to a scheduling policy, depending on the authors. Among Timed
Petri Nets, time can be considered relative to places (P-Timed Petri Nets),
arcs (A-Timed Petri Nets) or transitions (T-Timed Petri Nets) [2TJ19]. The
same classes are defined for TPNs i.e. T-TPN [I8[], A-TPN [I4113] and P-
TPN [16J17). It is known that P-Timed Petri Nets and T-Timed Petri Nets are
expressively equivalent [2T19] and these two classes of Timed Petri Nets are
included in the two corresponding classes T-TPN and P-TPN [19]

Depending on the authors, two semantics are considered for {T,A,P}-TPN:
a weak one, where no transition is never forced to be fired, and a strong one,
where each transition must be fired when the upper bound of its time condition
is reached. Moreover there are a single-server and several multi-server semantics
[84]. The number of clocks to be considered is finite with single-server semantics
(one clock per transition, one per place or one per arc) whereas it is not with
multi-server semantics.

J. Kleijn and A. Yakovlev (Eds.): ICATPN 2007, LNCS 4546, pp. 63 2007.
© Springer-Verlag Berlin Heidelberg 2007
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A-TPN have mainly been studied with weak (lazy) multi-server semantics
[T4UTIT3] : this means that the number of clocks is not finite but the firing of
transitions may be delayed, even if this implies that some transitions are dis-
abled because their input tokens become too old. The reachability problem is
undecidable for this class of A-TPN but thanks to this weak semantics, it enjoys
monotonic properties and falls into a class of models for which coverability and
boundedness problems are decidable.

Conversely T-TPN [18/5] and P-TPN [I6/17] have been studied with strong
single-server semantics. They do not have monotonic features of weak semantics
although the number of clocks is finite. The marking reachability problem is known
undecidable [T5] but marking coverability, k-boundedness, state reachability and
liveness are decidable for bounded T-TPN and P-TPN with strong semantics.

Related work : Ezxpressiveness of models extended with time.

Time Petri Nets versus Timed Automata. Some works compare the expressive-
ness of Time Petri Nets and Timed Automata. In [22], the author exposes mutual
isomorphic translations between 1-safe Time-Arc Petri nets (A-TPN) and net-
works of Timed Automata.

In [3IT0] it was proved that bounded T-TPN with strong semantics form a
strict subclass of the class of timed automata wrt timed bisimilarity. Authors
give in [I0] a characterisation of the subclass of timed automata which admit a
weakly timed bisimilar T-TPN. Moreover it was proved in [3] that bounded 7-
TPN and timed automata are equally expressive wrt timed language acceptance.

Arc, Place and Transition Time Petri Nets. The comparison of the expressiveness
between A-TPN, P-TPN and T-TPN models with strong and weak semantics
wrt timed language acceptance and timed bisimulation have been very little
studied.

In [12] authors compared these models w.r.t. language acceptance. With strong
semantics, they established P-TPN C, T-TPN C,; A-TPNH and with weak se-
mantics the result is P-TPN =, T-TPN =, A-TPN.

In [6] authors study only the strong semantics and obtain the following results:
T-TPN C; A-TPN and P-TPN ¢ T-TPN.

These results of [12] and [6] are inconsistent.

Concerning bisimulation, in [6] (with strong semantics) we have T-TPN Cx
A-TPN, P-TPN C, A-TPN and P-TPN Z., T-TPN. But the counter-example
given in this paper to show P-TPN <, T-TPN uses the fact that the T-TPN ‘a
la Merlin’ cannot model strict timed constrainfd. This counter example fails if
we extend these models to strict constraints.

In [I7] P-TPN and T-TPN are declared incomparable but no proof is given.

Much problems remain open concerning the relations between these models.

! Moreover, all studies consider only closed interval constraints, and from results in
[6], offering strict constraints makes a difference on expressiveness.

2 we note ~, and ~x~ with ~€ {C, C, =} respectively for the expressiveness relation
w.r.t. timed language acceptance and timed bisimilarity.

3 The intervals are of the form [a, b] and they can not handle a behavior like “if z < 17.
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Our Contribution. In this paper, we consider bounded Arc, Place and Transition
Time Petri Nets with strict and large timed constraints and with single-server
semantics. We give the formal strong and weak semantics of these models in
terms of Timed Transition Systems. We compare each model with the two others
in the weak and the strong semantics, and also the relations between the weak on
strong semantics for each model (see Fig. [[4] p.[R0). The comparison criterion is
the weak timed bisimulation. In this set of 9 relations, 7 are completely covered,
and for the 2 others, half of the relation is still an open problem.

The paper is organised as follow: Section[2gives some “framework” definitions.
Section [B] presents the three timed Petri nets models, with strong and weak
semantics. Section [l is the core of our contribution: it lists all the new results
we propose. Section [B] concludes.

By lack of space, the details of some proofs and the relations with conflicting
results are not presented here, but can be found in [9].

2 Framework Definition

We denote AX the set of mappings from X to A. If X is finite and |X| = n,
an element of AX is also a vector in A™. The usual operators +, —, < and =
are used on vectors of A™ with A = N,Q,R and are the point-wise extensions
of their counterparts in A. For a waluation v € AX,d € A, v + d denotes the
vector (v + d)(x) = v(z) + d . The set of boolean is denoted by B. The set
of non negative intervals in Q is denoted by Z(Qx>¢). An element of Z(Qxo) is
a constraint ¢ of the form o <1 = <2 § with a € Q>¢, § € Q>0 U {oo} and
<1, <2€ {<,< }, such that I =[p]. We let It =][0 < x <2 3] be the downward
closure of I and I =[a <1 2] be the upward closure of I.

Let X be a fixed finite alphabet s.t. ¢ € X and X, = X U {e}, with ¢ the
neutral element of sequence (Va € X, : ca = ae = a).

Definition 1 (Timed Transition Systems). A timed transition system (TTS)
over the set of actions X is a tuple S = (Q, Qo, X, —) where Q is a set of states,
Qo C Q is the set of initial states, X is a finite set of actions disjoint from R>g,
—C Q% (ZURsq) x Q is a set of edges. If (g, e,q') €—, we also write g — ¢’
Moreover, it should verify some time-related conditions: time determinism (td),
time-additivity (ta), nul delay (nd) and time continuity (tc).

d d d & dtd’
td = s—sANs—=s"=s=5" ta =s—>sNs 5 =554
nd = Vs:s —s tc = s— s =Vd <d,dsg, s — Sar

In the case of ¢ LN ¢’ with d € Rxq, d denotes a delay and not an absolute
time. A run p of length n > 0 is a finite (n < w) or infinite (n = w) sequence of
alternating time and discrete transitions of the form

do /  ao dy ay dn

P = qo a0 ¢ q S [
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A trace of p is the timed word w = (ag,dp)(a1,d1) - (an,d,)--- that consists
of the sequence of letters of 3.

We write Untimed(p) = Untimed(w) = apay - - - ay - - - for the untimed part of
w, and Duration(p) = Duration(w) = > dj, for the duration of the timed word
w and then of the run p.

Definition 2 (Strong Timed Bisimilarity). Let S1 = (Q1, Q}, ¥, —1) and
Sy = (Q2,Q3, X, —2) be two 774 and ~s be a binary relation over Q1 X Q2.
We write s =g s for (s,s') Exs. ~s is a timed bisimulation relation between

S1 and Sy if:

~ 1 2.
— 51 /5 S2, for all (s1,s2) € Qp x Qf;
. t ) t
— if s1 —1 s) witht € R>q and s1 =g Sa then sy —2 s, for some s,, and
, t t
8] ms sh; conversely if so —o s and s1 =g so then s1 —1 s} for some s
and sy =g sh;
. a . a
—if s1 —1 8] with a € ¥ and s1 =s sa then sy —o sh and s| ~s sh;
. a / ~ a / !~ /
conversely if so —2 5 and s1 =s 2 then s1 —1 §) and s| =s 5.

Two TTS S1 and Sy are timed bisimilar if there exists a timed bisimulation
relation between S1 and So. We write S1 ~s So in this case.

Let S=(Q, Qo, Xz, —) be a TTS. We define the e-abstract TTS 5S¢ = (Q, Q§, X,
—¢) (with no e-transitions) by:

- q <. q' with d € Rx iff there is a run p = ¢ — ¢’ with Untimed(p) = ¢
and Duration(p) = d,

— ¢ 5. ¢ with a € ¥ iff there is a run p = ¢ — ¢/ with Untimed(p) = a and
Duration(p) = 0,

- Q5 =1{q]13¢ € Qo| ¢ = q and Duration(p) = 0 A Untimed(p) = }.

Definition 3 (Weak Timed Bisimilarity). Let S; = (Q1,Q}, Y=, —1) and
Sy = (Q2,Q3, Y-, —2) be two TTS and ~yy be a binary relation over Q1 x Q2.
~yy is a weak (timed) bisimulation relation between Sy and So if it is a strong
timed bisimulation relation between ST and S5.

Note that if S1 ~g S5 then S; ~y So and if S7 &~y Ss then S; and Ss have the
same timed language.
In this paper, we consider weak timed bisimilarity and we note &~ for ~yy.

Definition 4 (Expressiveness w.r.t. (Weak) Timed Bisimilarity). The
class C 1is more expressive than C' w.r.t. timed bisimilarity if for all B’ € C’
there is a B € C s.t. B ~ B’. We write C' Cx~ Cin this case. If moreover there
is a B € C s.t. there is no B’ € C' with B~ B’, then C' C~ C. If both C' Cx C
and C Cx C' then C and C' are equally expressive w.r.t. timed bisimilarity, and
we write C =x C'.

4 Note that they contain no e-transitions.
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3 {T,A,P}-TPN: Definitions and Semantics

The classical definition of TPN is based on a single server semantics (see [8/4]
for other semantics). With this semantics, bounded-TPN and safe-TPN (ie one-
bounded) are equally expressive wrt timed-bisimilarity and then wrt timed lan-
guage acceptance. We give a proof of this result for { 7,4,P}-TPN in [9]. Thus,
in the sequel, we will consider safe TPN. We now give definitions and semantics
of safe {T,A,P}-TPN.

3.1 Common Definitions

We assume the reader is aware of Petri net theory, and only recall a few defini-
tions.

Definition 5 (Petri Net). A Petri Net N is a tuple (P,T,°(.),(.)*, Mo, A)
where: P ={p1,p2, -+ ,pm} 1$ a finite set of places and T = {t1,ta, -+, tp} is
a finite set of transitions; *(.) € ({0,1}F)T is the backward incidence mapping;
()* € ({0,1}")T is the forward incidence mapping; Mo € {0,1} is the initial
marking, A : T — X U{e} is the labeling function.

Notations for all Petri nets

We use the following common shorthands: p € M Lef M) >1, M >"*t Lef Vp :

M(p) > *(t.p), *t = {p *(t,p)=1}, t* = {p (t,p)* =1}, *p = {t (t.p)*>1},

Pt =t (tp) 21

A marking M is an element M € {0,1}f. M(p) is the number of tokens in
place p. A transition ¢ is said to be enabled by marking M iff M > °t, denoted
t € enabled(M). The firing of ¢ leads to a marking M’ = M — *t + t°, denoted
by M - M.

Often, the alphabet is the set of transitions and the labeling function the
identity (X =T, A(t) = t). In these cases, the label of the transition will not be
put in figures.

Notations for all timed Petri nets
In timed extensions of Petri nets, a transition can be fired only if the enabling
condition and some time related condition are satisfied. In the following, the
expressions enabled and enabling refer only to the marking condition, and firable
is the conjunction of enabling and the model-specific timed condition.

Then, t € firable(S) denotes that ¢ is firable in timed state S, and ¢t €
enabled(M) that ¢ is enabled by marking M.

Weak vs. strong semantics

The basic strong semantics paradigm is expressed in different ways depending on
the authors: one expression could be “time elapsing can not disable the firable
property of a transition”, or “whenever the upper bound of a firing interval is
reached, the transition must be fired”. Depending on the models and the authors,
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this principle is described by different equations. In this paper, the one we are
going to use is: a delay d is admissible from state S (ﬁ) iff

t ¢ firable(S +d) = Vd' € (0,d] : t ¢ firable(S +d') (1)

which means that from S, if a transition is not firable after a delay d, it never was
between S and S + d, which is equivalent to say that, if a transition is enabled
now or in the future (without discrete transition firing), it remains firable with
time elapsing.

3.2 Transition Time Petri Nets (T-TPN)

The model. Time Petri Nets were introduced in [I§] and extend Petri Nets
with timing constraints on the firings of transitions.

Definition 6 (Transition Time Petri Net). A Time Petri Net N is a tuple
(P,T,°(.), ()%, Mo, A, I) where: (P, T,°(.),(.)*, Mo, A) is a Petrinet and I : T —
Z(Qx0) associates with each transition o firing interval.

Semantics of Transition Time Petri Nets

The state of T-TPN is a pair (M, v), where M is a marking and v € RL, is

a valuation such that each value v(t;) is the elapsed time since the last time

transition ¢; was enabled. 0 is the initial valuation with Vi € [1..n],0(¢;) = 0.
For Transition Time Petri Net, notations enabled and firable are defined as

follows :

t € enabled(M)
v(t) € I(t)

The newly enabled function Tenabled(ty, M,t;) € B is true if ¢, is enabled by
the firing of transition ¢; from marking M, and false otherwise. This definition of
enabledness is based on [Bl2] which is the most common one. In this framework, a
transition ti is newly enabled after firing t; from marking M if “it is not enabled
by M — °t; and is enabled by M' = M — *t; +¢?” [5].

Formally this gives:

Tenabled(ty, M, t;) = (M — *t; +t7 > *tx) A (M —*t; <°tp) V (tr =t:)) (2)
Definition 7 (Strong Semantics of T-TPN). The semantics of a T-TPN
N is a timed transition system Sy = (Q, qo, —) where: Q = {0,1}F x (R>)",

qo = (My,0), —€ Q x (X UR>q) x Q consists of the discrete and continuous
transition relations:

t € enabled(M) iff M > °t t € firable(M,v) iff {

— the discrete transition relation is defined ¥Vt € T':

t € firable(M,v)
M =M —"°t+t°
(,v) X () if " |
{O if Tenabled(t', M, 1),

Ve T: V() =
) v(t') otherwise.

5 The encoding of the state depends on the model.
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— the continuous transition relation is defined Vd € R>y:

vV=v+d
(M, v) 4, (M, V") iff {VteT:t¢ firable(M,v+d) = (3)
(Vd' € 10,d] : t ¢ firable(M,v +d'))

Definition 8 (Weak Semantics of T-TPN). For safe T-TPN, the only dif-
ference of the weak semantics is on the continuous transition relation defined
Vd € Rzo.‘

(M,v) L (M) iff v =v+d

Some examples illustrating the synchronization rule and the difference between
weak and strong semantics can be found in [9].

3.3 Place Time Petri Nets (P-TPN)

The model. Place Time Petri Nets were introduced in [16], adding interval on
places and considering a strong semantics.

Putting interval on places implies that clocks are handled by tokens: a token
can be use to fire a transition iff its age in the place is in the interval of the
place. A particularity of this model is the notion of dead token: a token whose
age is greater than the upper bound of its place can never leave this place: it is
a dead token.

Let dead be a mapping in {0,1}%. dead(p) is the number of dead tokens in
place p (Vp € P : dead(p) < M(p)). We use the following shorthands : M\dead
for M — dead and thus p € M\dead for M (p) — dead(p) > 1.

Definition 9 (Place Time Petri Net). A Place Time Petri Net A is a tuple
(P,T,°(.), (.)%, My, A, I) where: (P, T,°(.),(.)®, Mo, A) is a Petrinet and I : P —
Z(Q>0) associates with each place a residence time interval.

Semantics of Place Time Petri Nets
The state of P-TPN is a tuple (M, dead, v) where M is a marking, dead is the
dead token mapping and v € RY the age of tokens in places. A transition can
be fired iff all tokens involved in the firing respect the residence interval in their
places. Tokens are dropped with age 0. In strong semantics, if a token reaches
its upper bound, and if there exists one firable transition that can consume this
tokens, it must be fired.

For Place Time Petri Net, notations enabled and firable are defined as follows:

t € enabled(M\dead) iff M — dead > °t

t € enabled(M\dead)

t € firable(M, dead, v) iff {Vp € *t,v(p) € I(p)
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Definition 10 (Strong Semantics of P-TPN). The semantics of a P-TPN
N is a timed transition system Sy = (Q, qo, —) where: Q = {0,1}F x {0,1}F x
(RZO)P, qo = (Mp,0,0), —€ Q x (X UR>q) x Q consists of the discrete and
continuous transition relations:

The discrete transition relation is defined ¥Vt € T':

t € firable(M,dead, v)
M= M —*t+t*
(M, dead, v) AW, (M’,dead, V") iff +‘
V()= {o if (dead(p)=0) A (p € t°)

v(p) otherwise.

The continuous transition relation is defined Vd € Rx¢:

(M, dead, v) % (M, dead', V') iff

vV=v+d
Vte T :t ¢ firable(M,dead,v + d) = (Vd' €[0,d] : t ¢ firable(M, dead,v + d'))
‘ ) !
dead' (p) =1 | floeM \dead) A (v'(p) & 1(p)*)
dead(p)  otherwise

Definition 11 (Weak Semantics of P-TPN). The weak semantics is exactly
the same as the strong one without the condition ¥Vt € T : t ¢ firable(M, dead, v+
d) = (Vd' €]0,d]:t ¢ firable(M,dead,v +d')) in the continuous transition
relation.

3.4 Arc Time Petri Nets (A-TPN)

The model. Arc Time Petri Nets were introduced in [23], adding interval on
arcs and considering a weak semantics.

Like in P-TPN, an age is associated to each token. A transition ¢ can be fired
iff the tokens in the input places p satisfy the constraint on the arc from the
place to the transition.

As for P-TPN, there could exist dead tokens, that is to say, tokens whose age
is greater than the upper bound of all output arcs.

Definition 12 (Arc Time Petri Net). An Arc Time Petri Net N is a tuple
(P, T,°(.),(.)%, Mo, I) where: (P,T,°(.),(.)%, My) is a Petri net and I : PxT —
Z(Qx0) associates with each arc from place to transition a time interval.

For Arc Time Petri Net, notations enabled and firable are defined as follows:

t € enabled(M\dead) iff M — dead > °t

t € enabled(M\dead)

t € firable(M, dead, v) iff {Vp € *t,v(p) € I(p.t)
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Semantics of Arc Time Petri Nets. Like for P-TPN, the state of A-TPN
is a tuple (M, dead,v) where M is a marking, dead is the dead token mapping
and v € RY the age of tokens in places. A transition ¢ can be fired iff all
tokens involved in the firing respect the constraint on arc from their place to
the transition. Tokens are dropped with age 0. In strong semantics, if a token
reaches one of its upper bound, and if there exists one transition that consumes
this tokens, it must be fired.

Definition 13 (Strong Semantics of A-TPN). The semantics of a P-TPN
N is a timed transition system Sy = (Q, qo, —) where: @ = {0,1}F x {0,1}F x
(RZO)P, q = (Mop,0), —€ Q x (X UR>o) x Q consists of the discrete and
continuous transition relations: The discrete transition relation has the same
definition that the one of A-TPN (with its specific definition of firable). The
continuous transition relation is defined Vd € R>:

(M, dead, v) % (M, dead’, V) iff

V=v+d

Vi e T :t ¢ firable(M,dead,v +d) = (Vd' € [0,d] : t ¢ firable(M, dead,v + d'))
1 if {p € M\dead

dead'(p) = vt e p®, v/ (p) & I(p,t)*
dead(p)  otherwise (4)

The definition of semantics of A-TPN and P-TPN are very similar: the only
difference is that, in the definition of A-TPN, the timing condition for firable is
Vp € *t:v(p) € I(p,t) as in P-TPN, it’s Vp € °t : v(p) € I(p), and the same for
the condition associated to dead.

Definition 14 (Weak Semantics of A-TPN). The weak semantics is exactly
the same as the strong one without the condition ¥Vt € T : t ¢ firable(M, dead, v+
d) = (Vd' €10,d]:t ¢ firable(M,dead,v+d')) in the continuous transition
relation.

4 Comparison of the Expressiveness Wrt Bisimulation

In the sequel we will compare various classes of safe TPN w.r.t. bisimulation.
We note T-TPN and T-TPN, for the classes of safe Transition Time Petri nets
respectively with strong and weak semantics. We note A-TPN and A-TPN, for
the classes of safe Arc Time Petri nets respectively with strong and weak seman-
tics. We note P-TPN and P-TPN, for the classes of safe Place Time Petri nets
respectively with strong and weak semantics.

A run of a time Petri net N is a (finite or infinite) path in Sys starting in

. t,d .
qo- As a shorthand we write s ) o (where a state s is equal to (M, v) or

(M, dead, v)) for a sequence of time elapsing and discrete steps like s VRIS
Moreover we write N for Sy (i.e. we will use the shorthand : a run p of N or a

state s of N).
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4.1 X-TPN Z~ X-TPN with X € {T, A, P}

P (! P (o )—" (Ot

[0,0] [0,0] [0,0]

Fig.1. A “non-delay” Fig.2. A “non-delay” Fig.3. A “non-delay”
T-TPN P-TPN A-TPN

Theorem 1 (Weak semantics can not emulate strong semantics)
P-TPN €. P-TPN T-TPN ¢, T-TPN A-TPN . A-TPN

Proof. By contradiction: assume it exist a T-TPN weakly timely bisimular to the
T-TPN of Figure [l From its initial state, a delay of duration d > 0 is possible
(in weak semantics, a delay is always possible). By bisimulation hypothesis, it
should also be possible from the initial state of the strong T-TPN of Figure [Tl
This contradicts our assumption.

The same applies for P-TPN and A-TPN. O

4.2 P-TPN C~ P-TPN
Let N' € P-TPN. We construct a TPN N € P-TPN as follow :

— we start from N = A and My = My,
— for each place p of NV,
e we add in V, the net in the gray box of the figure @ with a token in place
¢
Ppy-
e for each transition ¢ such that p € °¢, we add an arc from ph to ¢ and an
arc from ¢ to ph.

Note that in the gray box, there is always a token either in place p} or in the
place pb.

Fig. 4. The translation from P-TPN into P-TPN

Lemma 1 (Translating a P-TPN into a P-TPN). Let N € P-TPN and
N € P-TPN its translation into P-TPN as defined previously, N' and N are
timed bisimilar.
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Proof. N = (P, T,°(.),(.)*, Mp,I) and N' = (P, T,*(.),(.)®, My, I). Note that
PCPandT CT.
Let (M, dead,v) be a state of N and (M, dead, v) be a state of N'. We define

the relation ~ C (({0,1} x R>0)¥ x ({0,1} x R>0)% by:

(M, dead,v) =~ (M,dead,v) <= Vp € P < (2)dead(p) = dead(p) (5)
3)v(p) =v(p)

Now we can prove that ~ is a weak timed bisimulation relation between A and AV
Proof : First we have (M, deady, vo) =~ (M, deady, vp).
Let us consider a state s = (M, dead,v) € N and a state s = (M, dead,v)
€ N such that (M, dead,v) ~ (M, dead, v).

— Discrete transitions Let t be a firable transition from s = (M, dead,v) in N.

There is a run p; = (M, dead, v) BN (M, deady,vq) (with dead = deady).
It means that Vp € *(t) v(p) € I(p)'. Moreover, M; = M — *t + t* and
Vp € Mi\deady, v1(p) =0 if p € t°.
In N, as (M, dead,v) ~ (M, dead,v) we have Vp € *(t) v(p) € I(p)'. More-
over v(ph) € I(ph)!(with upper bound : oo) and there is a token either in p!
or in pb. Thus, there is a run p; = (M, dead,v) — (My,,dead., ,v.,) L
(M4, deady, vy) with (M., ,dead., ,v.,) ~ (M, dead,v) and M., (ph) = 1. We
have M; = M — *t + t* that is to say M1 (ph) = 1, M1(pt1) =0andVp € P,
M 1(p) = M (p). Moreover dead = dead; andVp € Mi\dead,,v1(p) = 0ifp €
t* and then Vp € P, v1(p) = v1(p). Thus (Ml,deadl, V) & (Ml, deady, 7).

— Continuous transitions In N, from s = (M, dead, v), there is a Tun py =
(M, dead, v) <, (My, deads, vs) such that Vp € M(p),v2(p) = v(p) +d
and M = Ms. Moreover, Vp € M\dead, M2(p) = 1 and deads(p) = 0 if
va(p) € I(p)* and Ma(p) = deadz(p) = 1 if va(p) & I(p)*.

o if there is no firable transition ¢ such that 3p, € °(t) with v(p;) €
I(p)t and vo(py) & I(pe)t. As (M,dead,v) ~ (M,dead,v), we have
Vp € P, M(p) = M(p), dead(p) = dead(p) and v(p) = v(p) and then

in N, there is a run p, = (M,dead,v) 2, (M2, deads, v2) such that
deads = dead and Vp € P, Ms(p) = Ma(p) and vo(p) = va(p) +d =
va(p). Thus (Mo, deads, va) ~ (Maz, deads, 1)

e if there is a firable transition ¢ such that Ip, € *(¢) with v(p;) € I(p
and vo(p;) € I(p:)' (and then dead(p;) = 0 and deads(p;) = 1).
(M,dead,v) =~ (M,dead,v), we have Vp € P, M(p) = M(p), dead(p )
dead(p) and v(p) = v(p). In N, there is a run p, = (M,dead,v) —
(M.,,dead,,,v.,) such that (M.,,dead.,,v.,) ~ (M,dead,v) and
M., (ph) = 0. Thus, there is a run (M.,, dead.,, v.,) 4, (M2, deads, vs)
such that My (p;) = deadz(p:) = 1 and Vp € P, vao(p) = v(p) +d = va2(p)
and then (Mo, deads, vo) ~ (Ms, deads, vs).

6*

o)
As

The converse is straightforward following the same steps as the previous ones.
O
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Theorem 2. P-TPN C~ P-TPN
Proof. As P-TPN ¢~ P-TPN and thanks to Lemma [ O

4.3 A-TPN Cx~ A-TPN
Theorem 3. A-TPN Cc~ A-TPN
Proof. As for Theorem [ O

44 T-TPN ¢~ T-TPN
We first recall the following theorem :

Theorem 4 ([3]). There is no TPN € T-TPN weakly timed bisimilar to Ay €
TA (Fig.[3).

Theorem 5. T-TPN ¢, T-TPN

Proof. We first prove that the TPN Npo € T-TPN of Fig. [ is weakly timed
bisimilar to Ag € 7.A (Fig. [).

Let (¢,v) be a state of Ay € TA where ¢ € {ly, 01} and v(z) € Rx¢ is the
valuation of the clock x. We define the relation = C ({{o,¢1} xRx>g) x ({0,1} x
R>o) by:

(E,U)Q(M,I/) s 6261 < M(P1):0 (6)
(2)v(z) = v(a)

~ is a weak timed bisimulation (The proof is straightforward).
From Theorem [ there is no TPN € T-TPN weakly timed bisimilar to Ay € T.A
(Fig. B) and the TPN Npg € T-TPN of Fig.[6lis weakly timed bisimilar to Ap.
(]

4.5 P-TPN Z~ T-TPN

Lemma 2. The TPN Npy € P-TPN (Fig[7) is weakly timed bisimilar to Ay €
TA (Fig.[3).

Proof. From Lemmal[ll Npy ~ Np;. Obviously, Np1 =~ N7g. And, from proof of
Theorem [El N7g ~ Ag. By transitivity, Npg =~ Ag.
(Npo, Np1, N1 and Ag are respectivly presented in Figures[7 B Bl B). O

Theorem 6
P-TPN ., T-TPN

Proof. From Theorem [ there is no TPN € T-TPN weakly timed bisimilar to
Ao € TA (Fig. B) and the TPN Npy € P-TPN is weakly timed bisimilar to
Ap. O
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a,[0,1]
a;r<l1
—()—————1) A (D
Fig. 5. The Timed Automaton Ag Fig. 6. The TPN Npo € T-TPN

bisimilar to Ao

a
PMM[@—-H
Fig.7. The TPN Npo € P-TPN Fig.8. A TPN Np; € P-TPN

bisimilar to Ao bisimilar to Npo

4.6 T-TPN ¢~ P-TPN and T-TPN ¢~ P-TPN

Definition 15 (Relevant clock of a P-TPN). Let N = (P, T,°(.),(.)°,
My, A, I) be a P-TPN (P-TPN or P-TPN), and s = (M,dead,v) be a state
of N. In s, a clock x associated to a place p € P is said to be relevant iff
M(p) = 1.

We first give a lemma stating that “in P-TPN (P-TPN or P-TPN) a relevant
clock (associated to a token in a marked place p) can become irrelevant or can
be reset only in its firing interval (v(p) € I(p)) 7.

Lemma 3 (Reset of relevant clock in P-TPN). In P-TPN, a relevant clock
can become irrelevant or can be reset only in its firing interval. Let N, be a
P-TPN (P-TPN or P-TPN). Let (M, dead, v) be a state of N such that M (p) > 0
and v(p) > 0. If (M,dead,v) — (M’ dead ,v'") (where — is a discrete or a
continuous transition) and v'(p) =0 or M'(p) = 0 then v(p) € I(p)

Proof. From the semantics of P-TPN (P-TPN or P-TPN), a relevant clock as-
sociated to a place p (M(p) = 1) can become irrelevant or can be reset only
by a discrete transition (M, dead,v) BN (M’,dead,v") such that p € °t (if
p € t* the relevant clock is reset, otherwise it become irrelevant). Then, as
t € firable(M, dead, v), we have v(p) € I(p). 0

Py
v, [0, 00| H(:(D—-H u, [2,2]

Fig.9. The TPN Ny, € T-TPN
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Theorem 7. There is no TPN € P-TPN weakly timed bisimilar to N1 €
T-TPN (Fig.[9).

Proof. The idea of the proof is that in the T-TPN N7y the clock associated to
the transition u can be reset at any time (in particular before 2 time units). In the
P-TPN, time measure is performed by a finite number of clock. We are going
to do this reset more times than this number, outside of their firing interval,
leading to contradiction of Lemma [3]

Assume there is a P-TPN N = (P, T",*(.), (.)’*, M, A’,I') that is weakly
timed bisimilar to N7i. Let us define P~ C P’, the finite set of n places p
of N7 such that the lower bound o/(p) (see section [ for notations a and f3)
of interval I’(p) is non nul. Let us define 6, = min{c/(p) p€ P>}, g =
min {'(p) #0 p € P'}, and § = min,, 3.

Let so = (Mo, 1) be the initial state of Ny and s{, = (M, deady,, ;) the
initial state of \.

The proof is decomposed into three steps:

1. Ps is non empty:

Proof. Let p be a run of N1, p = sg 2, So — 5y.
ex,2 €x,
In N, 3p" = s, (ex.2) sh (e s!,, such that sg, s2 and s, are respec-

. L ;o /
tively bisimilar to sg, s5 and s;,.

0 ) . .
If P is empty, the sequence s, (x0), (enw) exists, and then, u is fired

at date 0, which is a contradiction. a

This means that P~ is non empty, 6 exists and a subset of P~ is used to

measure the 2 time units elapsing from initial state up to ss.

. T 2T u . (ex,7)
2. Let us consider p, = sg — s, —— 2 — s3 in Ny and pl. = s ———

(ex,2—7) i . . .
I — = sl — b its equivalent in N7.

We will now prove that, for all 7 < §, it exists p € P’ such that, in s/,
M'(p) =1and V' (p) = 7.

Proof. First, notice that all marked places are consistent ones, because 7 <
3.

Assume that there is no consistent clock with value 7 in ..

Each consistent clock whose value is 7/ < 7 in s/ has been enabled at
time 7 — 7. Since 7 — 7’ < §, the same run from s}, to s,_,» can be done
in 0 time. Consequently, the state s, can be reached by a run of duration
7/ < 7, which contradict the bisimilation relation between s, and s/.

Then for all 7 < 6, it exists p € P’ such that, in s, M'(p) = 1 and
V' (p) = 7. Moreover, thanks to item[ p € P-. O

3. In N7y, from s,, the firing of v leads to a state bisimilar to sq and then in
N, from s/, the firing of v leads to a state s} bisimilar to so.
. T1 v T2 v Tk v
Let us consider the run s — s;, — s — Sy, — So - — Sy, — S0
. . (ex,71) v (ex,72) v
in Npy with all ; > 0 and p” = s —— s — s} —— st —

T1
2 (e%,7k) /
— s

v . . .
ERRE I — s§ its equivalent in N .
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Each state s is bisimilar to so and then, for each s there is a relevant
clock associated to a place p € P~ whose value is equal to zero (application
of previous item with 7 = 0). Now, assume k > n (n is the size of P-) and
D i<icnTi < 0, at least one relevant clock (associated to a place p € Ps)
has to become irrelevant or has to reset in the run p” whereas v, (p) € I1(p)
contradicting the Lemma a

Corollary 1
T-TPN ¢, P-TPN

Proof. Direct from Theorem [7 O

Moreover, the Theorem [f] remains valid in weak semantics. Indeed, we can con-
sider the net of the Fig. @ with a weak semantic and the proof of Theorem [1]
remains identical. We have then the following corollary.

Corollary 2
T-TPN ¢, P-TPN

4.7 T-TPN Cx A-TPN and T-TPN Cr A-TPN

The proof of this strict inclusion is done in two steps: Lemma @] (in Section E.7)
shows that T-TPN Cn A-TPN (by construction: for each T-TPN, a weak-
bisimilar A-TPN is built), and Lemma[g] shows that it exists a A-TPN bisimilar
to Ag € TA (Fig. Bl) already used in Theorem [ With these two lemmas, the
strict inclusion is straightforward (Section 7).

Weak Inclusion: : T-TPN Cr A-TPN and T-TPN Cr A-TPN

Lemma 4 (From T-TPN to A-TPN)
T-TPN Cn, A-TPN T-TPN C. A-TPN

The proof is done by construction: for each T-TPNN, a weak-bisimilar A-TPN N’
is built. The main issue is to emulate the T-TPN “start clock when all input places
are marked” rule with the A-TPN rule “start clock as soon as the token is in place”.

The main idea is, for each transition ¢ in a T-TPN N, a chain of places
°t0 ..., °t" (with n = |*t|) is built in the translated A-TPN N’, such that
Yopeet M (p) = i <= Mp+(°t") = 1 (with i € [1,7n]). Therefor, the time
interval Iy (t) is set to arc from °¢!"*| to ¢t. Then, the rule “start clock in () when
all input places of ¢ are marked” is emulated by the rule “start clock constraint
in I(°tI"* ¢) when °tI"*l is marked” which is equivalent because I (°t!"l ¢) =
In(t) and 30 coy My (p) =n <= My (°t") = 1.

Of course, the transitions that modify °¢ in NV should have a matching tran-
sition in A that modifies °#°.
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Ezample. The T-TPN of Figure[IQ is translated into the A-TPN of Figure [Tl
Then, the firing condition associated to ¢ is activated only when there is one
token in place °t/"*l (°#2 in the example), that is to say, when there are enough
tokens in the emulated places °t.

With this chain structure, the firing of the transition u (resp. v) must increase
the marking of *¢, i.e. put a token in °t! or °t? (depending on the previous mark-
ing). To achieve this goal, since bisimulation is based on the timed transition
system where only labels of transitions are visible, the transition v can be re-
placed by two transitions, one putting a token in °t' and the other in °t2, as
long as they have the same label. In Figure [[T], these two transitions are called
u(t:0,1) and w12y and A(uo,1)) = A(uga,2)) = A(w) (ﬁ)

Once this done, a little stuff has to be added to handle conflict and reversible
netd1. It should be noticed that the exactly the same translation applies for weak
and strong semantics.

tO

[0,2] r@\ [0,2]
u(t;owso,l)
(o)~

[0,2] Q Uy 042 Vit
“égt (t:1,2) n (t:1,2)

[0,2]
[1,1]

—O

v

t

Fig.10. A T- Fig.11. A translation of the T-TPN of Figure [0 into A-TPN
TPN

By lack of space, the details of the translation and the proof are not presented
here and can be found in [9].

A Specific A-TPN

Lemma 5. The TPN Nao € A-TPN of FiglI3 is weakly timed bisimilar to
Ao € TA (Fig.[A).

The bisimulation relation and the proof are identical to those of Lemma [2

Strict Inclusion in Strong Semantics

Theorem 8
T-TPN C~ A-TPN

6 Notation U(t:1,2) is used to denotes that this firing of v makes the marking of *¢ going
form 1 to 2.

" This translation pattern have been used in [7] to translate 7-TPN into P-TPN, but
it was a mistake. The translation only apply in some specific cases: when transitions
are conflict-free or when the lower bound of time intervals is 0 for example (see[d]).
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Proof. Thanks to Lemma @] we have T-TPN Cr, A-TPN. Moreover from Theo-
rem [l there is no TPN € T-TPN weakly timed bisimilar to Ay € T.A (Fig. B)
and from Lemmal[f] the TPN N4g € A-TPN is weakly timed bisimilar to Ag. O

4.8 P-TPN Cx A-TPN and P-TPN Cx~ A-TPN
Lemma 6 (P-TPN included in A-TPN (strong and weak semantics))
P-TPN C. A-TPN P-TPN C. A-TPN

Proof. The translation is obvious: for a given P-TPN N, a A-TPN N’ is built,
with the same untimed Petri net, and such that, Vp,Vt € p® : I'(p,t) = I(p).
Then, considering their respective definitions for enabled, firable and the dis-
crete and continuous translation, the only difference is that, when the P-TPN
condition is v(p) € I(p) or v(p) € I(p)!, the A-TPN condition is Vt € p® : v(p) €
I(p,t) or v(p) € I(p,t)'. And in our translation, I'(p,t) = I(p).

Then, all evolution rules are the same and both are strongly bisimilar. O

Lemma 7 (No P-TPN is bisimilar to a A-TPN). It exists Na; € A-TPN
such that there is no N' € P-TPN weakly timed bisimilar to Nai.

Fig.12. The TPN Na; € A-TPN Fig. 13. The TPN N4o € A-TPN
bisimilar to Ag

Proof. The proof is based on Theorem [l The A-TPN Na; (cf. Fig. @) is
the same net than the T-TPN Npp (cf. Fig. [)). Obviously, Na; and Ny are
(strongly) bisimilar. Then, from Theorem [7] that states that there is no P-TPN
weakly bisimilar to A7y, there neither is any P-TPN weakly bisimilar to N4y .
O

Lemma 8 (No P-TPN is bisimilar to a A-TPN). It exists Na; € A-TPN
such that there is no N' € P-TPN weakly timed bisimilar to Naj.

The proof is the same as for Lemma [7
Theorem 9 (A-TPN are strictly more expressive than P-TPN).
P-TPN Cx A-TPN P-TPN C~ A-TPN

Proof. Obvious from Lemma [6] [7] and
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P-TPN

(6) C~

Fig. 14. The classification explained

4.9 Sum Up

We are now going to sum-up all results in a single location, Figure [[4l

(1) and (7)

(2)

A P-TPN can always be translated into a A-TPN and there exist
some A-TPN that can not be simulated by any P-TPN (Theo-
rem [9)).

A T-TPN can be translated into a A-TPN (Lemmal]). Then, A-TPN
are more expressive than T-TPN. Is this relation strict or not is still
an open problem.

Corrolary [ states that T-TPN Z~ P-TPN But we do not know
more: does it mean that P-TPN are more expressive than T-TPN,
or are both models incomparable is still another open problem.
The strong semantics of A-TPN strictly generalise the weak one
(Theorem []).

Strong and weak T-TPN are incomparable: the weak semantics
can not emulate the strong one (Theorem [I) but there also exist
T-TPN with weak semantics that can not been emulated by any
strong T-TPN (Theorem Hl).

Theorem [2] states that P-TPN Cr P-TPN: in P-TPN, the strong
semantics can emulate the weak one (Lemma[I]), but weak semantic
can not do the opposite (Theorem [I).

A T-TPN can be translated into a A-TPN (Lemma M) and there
exists a A-TPN (Lemmal[g) that can not be emulated by any T-TPN.
Then strict inclusion follows (Theorem []).

T-TPN and P-TPN with strong semantics are incomparable: The-
orem [f] states that there is a P-TPN that can be simulated by no
T-TPN and Corollary [I] states the symmetric.
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5 Conclusion

Several timed Petri nets models have been defined for years and different pur-
poses. They have been individually studied, some analysis tools exist for some,
and the users know that a given problem can be modelled with one or the other
with more or less difficulty, but a clear map of their relationships was missing.
This paper draws most of this map (cf. Fig. [4).

Behind the details of the results, a global view of the main results is following:

— P-TPN and A-TPN are really close models, since their firing rule is the
conjunction of some local clocks, whereas the T-TPN has another point of
view, its firing rule taking into account only the last clock;

— the A-TPN model generalises all the other models, but emulating the 7-
TPN firing rule with A-TPN ones is not possible in practice for human
modeller;

— the strong semantics generalise the weak one for P-TPN and A-TPN, but
not for T-TPN.

There are still two open problems related to the weak semantics of T-TPN:
“is the inclusion of T-TPN into A-TPN strict?” and “does T-TPN generalise
P-TPN or are they incomparable?”.

The next step will be to study the language-based relationships.
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Abstract. Choosing a good variable order is crucial for making sym-
bolic state-space generation algorithms truly efficient. One such algo-
rithm is the MDD-based Saturation algorithm for Petri nets implemented
in SMART'| whose efficiency relies on exploiting event locality.

This paper presents a novel, static ordering heuristic that considers
place invariants of Petri nets. In contrast to related work, we use the
functional dependencies encoded by invariants to merge decision-diagram
variables, rather than to eliminate them. We prove that merging vari-
ables always yields smaller MDDs and improves event locality, while
eliminating variables may increase MDD sizes and break locality. Com-
bining this idea of merging with heuristics for maximizing event locality,
we obtain an algorithm for static variable order which outperforms com-
peting approaches regarding both time-efficiency and memory-efficiency,
as we demonstrate by extensive benchmarking.

1 Introduction

Petri nets [26] are a popular formalism for specifying concurrent and distributed
systems, and much research [32] has been conducted in the automated anal-
ysis of a Petri net’s state space. Many analysis techniques rely on generating
and exploring a net’s reachable markings, using algorithms based on decision
diagrams [1029] or place invariants [TTISTIB4U35].

While decision diagrams have allowed researchers to investigate real-world
nets with thousands of places and transitions, their performance crucially de-
pends on the underlying variable order [1I23]. Unfortunately, finding a good
variable order is known to be an NP-complete problem [2]. Thus, many heuris-
tics for either the static or the dynamic ordering of variables have been proposed,
which have shown varying degree of success; see [I§] for a survey.

In the state-space exploration of Petri nets, place invariants find use in ap-
proximating state spaces [28], since every reachable state must by definition sat-
isfy each invariant, and in compactly storing markings by exploiting functional
dependencies [6I19)27]. This latter use of invariants is also considered when en-
coding places with decision-diagram variables, as it eliminates some variables,
offering hope for smaller decision diagrams during state-space exploration [I7].

* Work supported in part by the National Science Foundation under grants CNS-
0501747 and CNS-0501748 and by the EPSRC under grant GR/S86211/01.

J. Kleijn and A. Yakovlev (Eds.): ICATPN 2007, LNCS 4546, pp. 83 2007.
© Springer-Verlag Berlin Heidelberg 2007
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The contributions of this paper are twofold. First, we show that eliminat-
ing variables based on invariance information may actually increase the sizes
of decision diagrams, whence the above ‘hope’ is misplaced. Instead, we show
that merging variables is guaranteed to lead to smaller decision diagrams. While
our merging technique is obviously not applicable for Binary Decision Diagrams
(BDDs), it is compatible with techniques using Multi-way Decision Diagrams
(MDDs), such as SMART’s Saturation algorithm for computing reachable mark-
ings [10]. In addition, merging variables improves event locality, i.e., it decreases
the span of events over MDD levels, rather than worsening it as is the case with
variable elimination. This is important since algorithms like Saturation become
more efficient as event locality is increased.

Second, we propose a new heuristic for static variable ordering which is suit-
able for Saturation. This heuristic combines previous ideas, which only took the
height and span of events into account [39], with variable merging based on lin-
ear place invariants. We implement our heuristic into SMART' [9], generating the
invariants with GreatSPN [7], and show via extensive benchmarking that this
heuristic outperforms approaches that ignore place invariants, with respect to
both time-efficiency and memory-efficiency. Indeed, the benefits of our heuris-
tic are greatest for practical nets, including large instances of the slotted-ring
network [30] and the kanban system [40], which have been tractable only using
ad-hoc variable orderings and mergings found through our intuition and exten-
sive experimentation. This shows that exploiting invariants is key for optimizing
the performance of symbolic state-exploration techniques, provided one uses in-
variance information for merging variables and not for eliminating them.

Organization. The next section provides a short introduction to reachability and
invariant analysis in Petri nets, and to decision diagrams and symbolic state-
space generation. Sec. [3 recalls previous work on static variable ordering for
Saturation, formally analyzes the concepts of variable elimination and merging,
and develops our novel heuristic for static variable ordering. Sec. [ experimen-
tally evaluates our ideas on a suite of models. Finally, related work is discussed
in Sec. Bl while Sec. [l presents our conclusions and directions for future research.

2 Preliminaries

In this section we briefly cover the class of Petri nets considered, self-modifying
nets, and their two main analysis approaches, reachability and invariant analysis.
Then, we discuss decisions diagrams and how they can encode sets of markings
and the transformations that transitions perform on markings. Finally, we survey
a range of symbolic state-space generation algorithms, from the simple breadth-
first iteration to our own Saturation algorithm.

2.1 Petri Nets and Self-modifying Nets

We consider self-modifying nets with inhibitor arcs, described by a tuple of the
form (P,7,F~,FT,F°, m"") where
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— P and T are sets of places and transitions satisfying PN7T = () and PUT # 0.
A marking m € N7 assigns a number of tokens m,, to each place p € P.

— F:PxTxNP =N, FF:PxT xN? =N, and F°: P x 7 xN” — NU{oo} are
|P|x|T| incidence matrices; F,,, F}\,, and F§ , are the marking-dependent
[B4T] cardinalities of the input, output, and inhibitor arcs between p and ¢.

— m"™% is the initial marking.

The evolution of the net from a marking m is governed by the following rules,
keeping in mind that the cardinality of any arc is evaluated in the current mark-

ing, i.e., prior to the firing of any transition:

Enabling: Transition ¢ is enabled in marking m if, for each place p, the input
arc is satisfied, m;, > F,;(m), and the inhibitor arc is not, m;, < F} ;(m).

Firing: Firing enabled transition ¢ in marking m leads to marking n, where,
for each place p, n, = m, — F, ,(m) + F;,(m). We write V;(m) = {n}, to
stress that, for general discrete-state formalisms, the next-state function Ny
for event ¢, applied to a single state m, returns a set of states. Then, we can
write MV;(m) = () to indicate that ¢ is not enabled in marking m.

2.2 Reachability Analysis and Invariant Analysis

The two main techniques for Petri net analysis are reachability analysis and
iwvariant analysis. The former builds and analyzes the state space of the net
(or reachability set), defined as M = {m : 3d,m € N¢(m™*)} = N*(m™?),
where we extend the next-state function to arbitrary sets of markings X C
N7, Ni(X) = Uper Ne(m), write A for the union of all next-state functions,
N(X) = U,e7 Ni(X), and define multiple applications of the next-state function
as usual, NO(X) = X, N4(X) = N(NI1(X)), and N*(X) = Uyen NU(X).

Invariant analysis is instead concerned with deriving a priori relationships
guaranteed to be satisfied by any reachable marking, based exclusively on the
net structure. In nets where the arcs have a constant cardinality independent
of the marking, i.e., ordinary Petri nets with or without inhibitor arcs [26],
much work has focused on the computation of p-semiflows [I4I15], i.e., non-
zero solutions w € N to the linear set of “flow” equations w - F = 0, where
F =F' — F~. Since any linear combination of such solutions is also a solution,
it suffices to consider a set of minimal p-semiflows from which all others can be
derived through non-negative linear combinations. A semiflow w specifies the
constraint » 5 . wy, - m;, = C on any reachable marking m, where the constant
C = ZPE'P Wy, - m;,”” is determined by the initial marking. When marking-
dependent arc multiplicities are present, linear p-semiflows [§], or even more
general relationships [41], may still exist. However, invariant analysis provides
necessary, not sufficient, conditions on reachability; a marking m might satisfy
all known invariants and still be unreachable.

In this paper, we use invariants to improve (symbolic) state-space generation.
We assume to be given a self-modifying net with inhibitor arcs (or a similar
discrete-state model whose next-state function is decomposed according to a
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set of asynchronous events), and a set W of linear invariants, each of the form
> pep Wap -my = C,, guaranteed to hold in any reachable marking m. Then,

— Support(v) = {p € P: W, > 0} is the support of the v** invariant.

— W e NWIXIPI describes the set of invariants. In addition, observe that the
case |Support(v)| = 1 is degenerate, as it implies that the marking of the
place p in the support is fixed. We then assume that p is removed from
the net after modifying it appropriately, i.e., substituting the constant m;,”it
for m, in the marking-dependent expression of any arc and removing any
transition ¢ with F_ ; > m/"" or F , < m/"". Thus, each row of W contains
at least two positive entries.

— The marking of any one place p € Support(v) can be expressed as a function
of the places in Support(v) \ p through inversion, i.e., in every reachable
marking m, the relation my, = (Co — 3 cp\ (3 Wo,q - mg)/ Wy p holds.

We say that a set of non-negative integer variables V' is functionally dependent
on a set of non-negative integer variables V' if, when the value of the variables
in V" is known, the value of the variables in V' is uniquely determined. In our
linear Petri-net invariant setting, V' and V" correspond to the markings of two
sets of places P’ and P”, and functional dependence implies that the submatrix
Wy, pr of W, obtained by retaining only columns corresponding to places in
P’ and rows corresponding to invariants having support in P’ U P”, ie., W =
{v e W : Support(v) C P"UP"}, has rank |P’|. This fundamental concept of
functional dependence is at the heart of our treatment, and could be generalized
to the case of nonlinear invariants where not every place in Support(v) can
be expressed as a function of the remaining places in the support. To keep
presentation and notation simple, we do not discuss such invariants.

2.3 Decision Diagrams

The state-space generation algorithms we consider use quasi-reduced ordered
multi-way decision diagrams (MDDs) [22] to store structured sets, i.e., subsets
of a potential set S = Sk X -+ X 81, where each local set S, for K > 1 > 1,
is of the form {0,1,...,n; — 1}. Formally, an MDD over § is a directed acyclic
edge-labeled multi-graph such that:

— Each node p belongs to a level in {K,...,1,0}, denoted p.lvl.

— There is a single root node r* at level K or 0.

— Level 0 can contain only the terminal nodes 0 and 1.

— A node p at level [ > 0 has n; outgoing edges, labeled from 0 to n; — 1. The
edge labeled by i € §; points to node ¢ at level [ — 1 or 0; we write p[i] = q.

— Given nodes p and q at level [, if p[i] = ¢[i] for all i € S;, then p = q.

— The edges of a node at level [ > 0 cannot all point to 0 or all point to 1.

An MDD node p at level [ encodes, with respect to level m > [, the set of tuples
B(m,p) = Spm x -+ x Sip1 % (Uses, {7} x B = 1,pli])), letting X x B(0,0) =
and X x B(0,1) = X. If m = [, we write B(p) instead of B(l, p). Fig. [l contains
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S = {1000, 1010, 1100,

Si={0,1,2,3) sEOE]
\Vi 1110, 1210, 2000,

S; = {0,1,2} ‘? [o[17]
L z=

f 2010, 2100, 2110,
S2=1{0.1} nognu 9210,3010, 3110,
S ={0,1,2} ﬂg 3200, 3201, 3202,

a == 3210,3211, 3212}

(a) (b) (©) (d)
Fig. 1. An example of an MDD and the set of 4-tuples it encodes

an example where K = 4, showing the composition of the sets S; (a), the MDD
(b), and the set of tuples encoded by it (c). Here, as in [I1], we employ a dynamic
MDD variant where the sets S; are not fixed but are grown as needed, so that
the MDD can be used to encode arbitrary (but finite) subsets of N. The only
overhead in such a data structure is that, since a set §; may grow and change the
meaning of an edge spanning level [ and pointing to node 1, only edges pointing
to node 0 are allowed to span multiple levels, while node 1 can be pointed only
by edges from nodes at level 1. Fig. [[[d) shows how this requires the insertions
of nodes 3 and 6 along edge 2 from 8; we employ a simplified representation
style where terminal nodes and edges to 0 are omitted.

For our class of nets, it might be difficult (and it is generally impossible) to
compute an upper bound on the marking of a place. To store a set of reachable
markings during symbolic state-space generation, we could then use dynamic
MDDs over NIPI_ so that a marking m is simply a tuple encoded in the MDD.
However, this simplistic approach has several drawbacks:

— Even if the (current) bound B, on the marking of a place p is tight, i.e.,
there is a reachable marking m with m, = B, the local set S, might have
“holes”, i.e., no reachable marking n might have n, = ¢, for some 0 <c< B,.
This may waste memory or computation during MDD manipulation.

— If many different markings for p are possible, S, and thus the nodes at level
p, might be too large, again decreasing the efficiency of MDD manipulations.
It might then be better to split a place over multiple MDD levels. This is
actually necessary if the implementation uses BDDs [3], which are essentially
our MDDs restricted to the case where each §; is just {0,1}.

— On the other hand, our symbolic algorithms can greatly benefit from “event
locality” which we discuss later. To enhance such locality, we might instead
want to merge certain places into a single MDD level.

— If some invariants are known, we can avoid storing some of the |P| compo-
nents of the marking, since they can be recovered from the remaining ones.

For simplicity, and since we employ MDDs, we ignore the issue of splitting
a place over multiple levels, but assume the use of K < |P| indexing functions
that map submarkings into natural numbers. Given a net, we partition its places
into K subsets Pk, ..., Py, so that a marking m is written as the collection
of the K submarkings (mg,...,mq). Then, m can be mapped to the tuple of
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the corresponding K submarking indices (ig,...,i1), where i; = ;(m;) and
Y - NPt — N U {null} is a partial function. In practice, each 1/; only needs to
map the set M; of submarkings for P; known to be reachable so far to the range
{0, ..., M| — 1} of natural numbers. We can then define v; dynamically:

— Initially, set M; = {m{"?} and ;(mi") = 0, i.e., map the only known
submarking for P;, the initial submarking, to the first natural number.

— For any other m; € NP \ My, i.e., any submarking not yet discovered, set
1 (my) to the default value null.

— When a new submarking m; for P; is discovered, add it to M; and set

Yi(my) = [My| - 1.

This mapping can be efficiently stored in a search tree and offers great flexibility
in choosing the MDD variables (xk, ..., x1) corresponding to the possible values
of the indices at each level. We can have as little as a single variable (when K =1,
S1 =8 and we perform an explicit reachability set generation), or as many as
|P| variables, so that each place corresponds to a different level of the MDD.

2.4 Symbolic Algorithms to Generate the State Space of a Net

We now focus on building the state space of a net using MDDs, i.e., on computing
S C S corresponding to M. Since the functions ¢;, K > 1 > 1, provide a bijection
between markings and K-tuples, knowledge of S implies knowledge of M. As
they manipulate sets of tuples, not individual tuples, all symbolic state-space
generation algorithms are some variation of the following:

“Build the MDD encoding S, defined as the smallest solution to the
fixpoint equation S = S UN(S) subject to S D S™it”,

where the next-state function A is now applied to tuples instead of markings.

Of course, N is also encoded using either MDDs or related formalisms. The
most common choice is a 2K-level MDD with interleaved levels for the cur-
rent variables x and the mext variables X', i.e., if i’ € N(i), there is a path
(igc, iy ey 1,1} ) from the root of the MDD encoding A to node 1. In our asyn-
chronous context, a disjunctive partition [4] can be used, where each transition
t € 7T is encoded as a separate 2K-level MDD. This is the case in the standard
breadth-first algorithm Bfs shown in Fig.[2l Function Union returns the root of
the MDD encoding the union of the sets encoded by the arguments (all encoded
as K-level MDDs), while function Image returns the root of the MDD encoding
the set of states reachable in one application of the second argument (a 2K-level
MDD) from any state encoded by the first argument (a K-level MDD); both
functions are easily expressed in recursive form. In the figure, we identify sets
and relations with the MDDs encoding them; thus, for example, N[i][i'] means
the node in the MDD encoding A; which is reached by following the edge labeled
¢ from the root and then the edge labeled i’ from the resulting node.

To improve over breadth-first iterations, we have proposed algorithms [T2/T3]
that exploit chaining [33] and event locality. Chaining is based on the observation
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mdd Bfs( mdd S™ ) mdd BfsChaining( mdd S )
1S (_Swm't; 18— Sinit;
2 repeat 2 repeat
3 X0 3 foreach t € 7 do
4  foreach t € 7 do 4 S «— Union(S, Image(S,Ny));
5 X «— Union(X, Image(S,N%)); 5 until S does not change;
6 S« Union(S,X); 6 return S;
7 until S does not change;
8 return S;

void Saturation( mdd S )

1 for/=1to K do N
2  foreach node p at level [ on a path from S to 1 do
3 Saturate(p); e update p in place

void Saturate( mdd p )
1 |« p.lvl;
2 repeat
3 choose ¢ s.t. Top(t) =1,i € Si,i’ €S s.t. pli] # 0 and N¢[i][i'] # 0;
4 pli'] < Union(pli'], ImageSat(pli], Ne[i][i']));
5 until p does not change;

mdd ImageSat( mdd ¢, mdd2 f )

1 if ¢g=0 or f =0 then return O;

2k« q.lvl; o f.lvl =k as well
3 s« new level-k node with edges set to O;

4 foreach i € Si,i’ € Sk s.t. g[i] # 0 and f[i][i'] # 0 do

5 s[i'] « Union(s[i'], ImageSat(q[i], f[i][7']));

6 Saturate(s);

7 return s.

Fig. 2. Breadth-first, chaining, and Saturation state-space generation

that the number of symbolic iterations might be reduced if the application of
asynchronous events (transitions) is compounded sequentially, see BfsChaining
in Fig. Bl While the search order is not strictly breadth-first anymore, the set of
known states at the d*® iteration of the repeat-until loop is guaranteed to be at
least as large with chaining as without.

However, the efficiency of symbolic state-space generation is determined not
just by the number of iterations but also by their cost, i.e., by the size of the
MDDs involved. In practice, chaining has been shown to be quite effective in
many asynchronous models, but its effectiveness can be greatly affected by the
order in which transitions are applied. Event locality can then be used to define
a good ordering heuristic [12], as we explain next.

Given a transition ¢, we define Vs (t) = {z; : 3,7 €S, eN; (i) A iy # iy} and
Vp(t) = {z; : 3, €S, VE#£L i =ju ANG(D) # 0 AN () = 0}, i.e., the variables
that can be modified by ¢, or that can disable, t, respectively. Moreover, we let
Top(t) = max{l: z; € Vi (t)UVp(t)} and Bot(t) = min{l : x; € Vi (t)UVp ()}

We showed experimentally in [12] that applying the transitions ¢ € 7 in an
order consistent with their value of Top, from 1 to K, results in effective chaining.
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Locality is easily determined for our nets since the enabling and firing effect of
a transition ¢ depend only on its input, output, and inhibitor places, plus any
place appearing in the cardinality expression of the corresponding arcs.

Recognizing locality, however, offers great potential beyond suggesting a good
chaining order. If Top(t) = [ and Bot(t) = k, any variable x,, outside this range,
i.e., above [ or below k, is not changed by the firing of transition t. When com-
puting the image in line[d of BfsChaining, we can then access only MDD nodes at
level [ or below and update in-place only MDD nodes at level [, without having
to access the MDD from the root. While Kronecker [25] and matriz diagram [24]
encodings have been used to exploit these identity transformations in N, the
most general and efficient data structure appears to be a decision diagram with
special reduction rules [13]. In this paper, we assume that A} is encoded with
an MDD over just the current and next variables between Top(t) and Bot(t)
included, instead of a 2K-level MDD. If there are no marking-dependent arc
cardinalities, the structure of this MDD is quite simple, as we simply need to en-
code the effect of every input, inhibitor, and output arc connected to ¢; the result
is an MDD with just one node per ‘unprimed’ level. For general self-modifying
nets, a “localized” explicit enumeration approach may be used [13], although a
completely symbolic approach might be preferable.

We can now introduce our most advanced algorithm, Saturation, also shown
in Fig. 2 An MDD node p at level [ is saturated [10] if

Vte T, Top(t) <l = B(K,p) D Ni(B(K,p)).

To saturate node p once its descendants are saturated, we compute the effect of
firing ¢ on p for each transition ¢ such that Top(t) = [, recursively saturating
any node at lower levels created in the process, and add the result to B(p) using
in-place updates. Thus Saturation proceeds saturating the nodes in the MDD
encoding the initial set of states bottom-up, starting at level 1 and stopping
when the root at level K is saturated.

Only saturated nodes appear in the operation cache (needed to retrieve the
result of an ImageSat or Union call, if it has already been issued before with the
same parameters) and the unique table (needed to enforce MDD canonicity by
recognizing duplicate nodes). Since nodes in the MDD encoding the final S are
saturated by definition, this unique property, not shared by any other approach,
is key to a much greater efficiency. Indeed, we have experimentally found that
both memory and run-time requirements for our Saturation approach are usually
several orders of magnitude smaller than for the traditional symbolic breadth-
first exploration, when modeling asynchronous systems.

3 Structural Invariants to Improve Symbolic Algorithms

Structural invariants have been proposed for variable elimination. For example,
[17] suggests an algorithm that starts with an empty set of boolean variables
(places of a safe Petri net) and examines each place in some arbitrary order,
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adding it as new (lower) level of the BDD only if it is not functionally dependent
on the current set of variables. This greedy elimination algorithm reduces the
number of levels of the BDD, with the goal of making symbolic state-space gen-
eration more efficient. However, we argue that this invariant-based elimination
severely hurts locality and is generally a bad idea, not only for Saturation, but
even for the simpler BFS iterations (if properly implemented to exploit locality).
To see why this is the case, consider a transition ¢ with an input or inhibitor
arc from a place p, i.e., p € Vp(t). If p is in the support of invariant v and is
eliminated because all other places in Support(v) already correspond to BDD
levels, the marking of p can indeed be determined from the marking of each
place ¢ € Support(v) \ {p}. However, this not only removes p from Vp(t) but
also adds Support(v) \ {p} to it. In most cases, the span of transition ¢, i.e., the
value of Top(t)—Bot(t)+1, can greatly increase, resulting in a more costly image
computation for N.

The solution we present in Sec. Bl enabled by our use of MDDs instead of
BDDs, is to perform instead wvariable merging. This achieves the same goal of
reducing the number of levels (actually resulting in more levels being eliminated,
since it considers groups of variables at a time, not just individual ones as in [17]),
without negatively affecting locality and actually improving it for a meaningful
class of nets. Then, having at our disposal the invariants, we turn to the problem
of variable ordering, and show in Sec. how our previous idea of minimizing
the sum of the top levels affected by each transition [39] can be extended to take
into account invariants as well, treating an invariant analogously to a transition
and its support as if it were the set of places “affected” by the invariant.

3.1 Using Structural Invariants to Merge State Variables

As one of our main contributions, we first present and prove a general theorem
stating that merging two MDD wvariables based on functional dependence guar-
antees to reduce the size of an MDD. In contrast, we show that placing variables
in the support of an invariant close to each other without merging them, as
suggested by many static and dynamic variable reordering techniques [2TUT9],
may actually increase the size of the MDD. We then adopt our merging theorem
to improve Petri-net state-space encodings with place invariants, and present a
greedy algorithm to iteratively merge MDD variables given a set of place invari-
ants obtained from a structural analysis of a net. Thus, our goal is to determine
both a merging of the MDD variables and an ordering of these merged variables.

Variable merging based on functional dependence. To discuss what hap-
pens to the size of an MDD when merging variables based on functional depen-
dence, one must take into account both the number of nodes and their sizes. To
be precise, and to follow what is done in an efficient “sparse node” implemen-
tation, the size of an MDD node is given by the number of its non-zero edges,
i.e., the number of outgoing edges that do not point to node 0. Thus, since a
node has always at least one non-zero edge, the size of a node for variable x; can
range from one to |S;|. First, we recall a theorem on the number of MDD nodes
required to encode a boolean function f.
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Theorem 1. [38] Using the variable order (zk,...,x1), the number of MDD
nodes for variable z; € §;, for K > 1> 1, in the MDD encoding of a boolean
function f(zk,...,z1) equals the number of different subfunctions obtained by
fixing the values of x, ..., z;41 to all the possible values iy € Sk, ..., 4141 € Si41-

Tk

In the following, we denote by f [ﬂf,fll, -y ip7] the subfunction obtained from f by
fixing the value of xy,, ..., g, t0 ik, ...,ik,, and we use the same symbol for a
boolean function and its MDD encoding, once the variable order is given.

Theorem 2. Consider an MDD f encoding a set X C Sk X --- x & with
variable order m = (2, ...,x1). If ,, is functionally dependent on {xk, ..., zx},
with k> m, then define a new variable xy ,, = kN + T, where n,, = (S,
having domain Sk, = {0,...,|Sk X Sp| — 1}. Let the MDD g encode A(X)
with variable order @ = (Tx, ..., Zht1, Thyms Tho1ls - Tmt1, Lm—1, ---, £1), Where
ATry ooy 1) = (TKy ooy Tl 1y Thoms Ty weees Lot Ty oees T1)-

Then, (1) f[iF, 7] = glizn. T 4,,]; and (2) g requires strictly fewer MDD nodes
and non-zero edges than f.

Proof. Property (1) follows directly from the definition of ., A, and g.
Let v; and v; be the number of nodes corresponding to variable x; in g and f,
respectively. Analogously, let ¢; and ¢; be the number of non-zero edges leaving
these nodes. To establish Property (2), we prove that vy ,, = v and €x mn = €,
v =v; and ¢ = ¢ for x; € {zx, ..., Tht1, Tm—1,--. 21}, and v, < vy and € < ¢
for #; € {xx_1, ..., tm+1}. These relations, in addition to the fact that f contains
additional v, > 0 nodes corresponding to x,, (each of them having exactly one
non-zero edge, because of the functional dependence), show that g is encoded
with at least v, = ¢, fewer nodes and edges than f. We now prove these
relations by considering the different possible positions of variable x; in 7.

Tl Tm Thy,m

Case 1: z; € {Tym—1,...,x1}. Since f[iF,57] = glizns T i, ], we let f1 and g1 be

f _ f[mk ﬂ?m][ﬂ?K Tg4+1 Tk—1 Tm+1 Tm—1 $l+1}
1= Gk T JLERK ) ") G190 Th—19 """ T 19 bn—19 ***) 441

_ [ Tk,m . }[wK Tr+1 Tk—1 Tm+1 Tm—1 5?1-%—1]
91 = Glignm + imllin s 00 kg1 k15 ") Gmt1 bm—19 s G141

and conclude that f; = g;. Recall that the number of nodes of variable z; in f
is the number of different subfunctions f[ix, ..., 5], for all possible ik, ..., 141.
Since f and g have the same set of such subfunctions, we must have v; = v;. To
see that ¢, = ¢ as well, simply observe that each pair of corresponding MDD
nodes, e.g., fi and g;, must have the same number of non-zero edges, since
f1 = g1 implies f1[i!] = g1[i!] for any i; € X}, and the edge 4; is non-zero if and
only if f1[i!] #Z 0.

Case 2: 2; € {xf_1, ..., Tm+1 . Consider two different nodes of z; in g, encoding
two different subfunctions g; and g2, which obviously satisfy g1 # 0 and g2 # 0:

— TK Tk+1 . Thkm . Tk—1 Zi4+1
92 = g[]K7"'7]k+1 3JkMm + JmJk—1 7"'7]l+1]'

TK Tk+1 . Tk,m Tk-—1 ﬂ?l+1]
K 9 U1 9Tk Mm F Gm o T —1 90 G4

g1 =9
Then, define f; and fo as follows, obviously satisfying f; # 0 and fo Z 0, too:

f — f[xK Tk4+1 Tk Tk—1 ﬂ?l+1} f — f[$K Tk+1 Tk Tk—1 ﬂ?l+1]
1= TR ) L4109 k) Tk—19 ") V41 2= JK Y ) Jk+19 Jkd Jk—19 ") Li41]*
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We prove by contradiction that f; and f; must be different and therefore encoded
by two different nodes of variable z; in f. Since x,, is functionally dependent
on {xk, ...,z } and the value of (zk,...,xx) is fixed to (ik,...,ix) for f1 and to
(K, .-, j1) for fa, there must exist unique values i,, and j,, such that fi[37™] 0
and fo[5m] # 0. If f1 and fo were the same function, we would have 4,, = j,, and
f1[ir] = f2[57]. From Property (1), we then obtain g1 = f1[i7] = f2[57] = g2,
a contradiction. Thus, distinct nodes of ¢ must correspond to distinct nodes of
f,ie., v <. Again, to see that ¢; < ¢, observe that the MDD nodes encoding
f1 and g1 must have the same number of non-zero edges because, for all i, € &,

g1li] = f1lir][7}]. Furthermore, if multiple nodes in f correspond to the same
node of g, i.e., if v < v, we also have ¢ < €.

Case 3: 2; € {xk, ..., Tp+1, Tk,m - Observe that g = A(f) and g[7f, ..., 5 }]

©) U4
A(flig, -0 ]), where A; is defined analogously to A, ie., Aj(zy, ..., +) =
(Z1y Tl 1y Thotormy Th—Ts +eoy ot 1y ooy Tm—15 ---s 1), As for Case 1, we can prove that
vy = v and €¢; = ¢ by observing that g and f must have the same subfunctions
and the MDD nodes encoding these subfunctions must have the same number

of non-zero edges. O

Intuitively, merging variable x,, with zj; is not that different from moving it
just below xj, in the variable order, the commonly suggested approach for BDDs
to help reduce the number of nodes [I921]. However, the example in Fig.
illustrates that the latter can instead increase the BDD size. Fig. Bla) shows an
example of MDDs that encodes a boolean function with initial variable order
(d, ¢, b, a), satisfying the invariant a + ¢ + d = 2. Fig. B(b) shows the result of
reordering the MDD to put variables a, ¢, and d close to each other, by swapping
variables b and a. Note that the number of nodes in the second MDD increases
from six to seven, and the number of non-zero edges from seven to eight. Fig.[Bl(¢)
shows instead the result of merging variables a and ¢, where the number of nodes
decreases from six to five and the number of non-zero edges from seven to six,
as predicted by Thm.[2l The meaning of the elements of S; in terms of the value
of the variables assigned to level [ is shown to the right of each MDD. We stress
that this reduction in the number of nodes can only be achieved if the MDDs
are implemented natively, not as the interface to BDDs implemented in [22J36];
this is apparent since Fig. Bl(b) is exactly the BDD that would be built if the
MDD of Fig. Bl(c) were implemented using BDDs.

Focusing now on Petri nets, we restate Thm. [2] in their terminology and use
place invariants to determine functional dependence.

Theorem 3. Consider a Petri net with an ordered partition m of P into the
sets (Pk, ..., P1) and mappings ¢p, : N*' — N U {null}, for K > [ > 1. Let the
ordered partition m be the one obtained by merging Py and Py, into Py}, with
k > m, resulting in the order (P, ..., Pirmys Pe—1, -, Pm+1, Pm—1, ..., P1) and
the same mappings as before, except for the new ¢yp, p, 1 : NPtkmy — NU{null}
to replace ¢ and 1,,,, which must satisfy ¢ ;p, »,.}(mp,, mp, ) = nullif and only
if ¥ (mp,) = null or ¥, (mp, ) = null. Then, if P, is functionally dependent
on Jg s>, Pi, the MDD encoding of any nonempty set of markings & requires
strictly fewer nodes and edges with 7 than with 7.
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0:d=0,1:d=1 d [0]1] =~ 0d=0,1:¢=1  d [0J1] = o0wd-0, 141

0:(c=0,a=0), 1:(c=0,a=1),
2:(c=1,a=0), 3:(c=1,a=1)

0:6=0,1:6=1 @ 0:a=0, La=1 & [0 0:6=0, 1:b=1

0:¢=0, 1:c=1 c [0] 0:c=0, 1l:c=1 ca

0:a=0, 1:a=1 b [0] 0:6=0, 1:b=1

(a) original MDD (b) reordered MDD (c) merged MDD

Fig. 3. An example where moving support variables closer increases the MDD size

Partition InvariantBasedMerging (Invariants Wiy p)
1 K |P|;
2 m— ({px}, - {p1}): e Initialize the partition with one place per class
3 repeat
4 form=K-1to1ldo
5 k = LevelToMerge( K, m,m, Wy p);
6 if £k > m then
7 T (T eoey Tt 1y Tk U Tomy T 1y ooy T 1y Tom—1y ooy T1);
8 K— K-1, e The partition is now one class smaller
9 until 7 does not change;
10 return T;
int LevelToMerge (int L, int m, Partition (Qgr, ..., @1), Invariants Wy, p)
1 foreach k = L downto m + 1 do
2 W —{veW]| Support(v) C Qm UU/L, Q}:
3 if |Qm| = Rank(Wyy o, ) then
4 return k;
5 return m;

Fig. 4. A greedy algorithm to iteratively merge MDD variables using Thm.

Proof. The proof is a specialization of the one of Thm. 2l noting that, there,
we used the mapping =y, = TrNy + Ty, for simplicity. In reality, any mapping
where zj, ,, can uniquely encode any reachable combination of z; and x,, may
be used. This is necessary in practice when using dynamic MDDs, where the sets
Sy, i.e., the bounds on the net places, are not known a priori. [l

Greedy algorithm to merge MDD variables. Based on Thm. Bl Fig. @
illustrates a greedy algorithm to merge as many MDD variables as possible,
given a set of place invariants, while guaranteeing that the number of nodes and
non-zero edges can only decrease.

For a Petri net, procedure InvariantBasedMerging in Fig. Ml takes a set of
linearly independent place invariants, in the form of a matrix Wy p, as input
and assumes one place per variable in the initial MDD variable order (line [2).
The procedure then traverses each level m of the MDD, from top to bottom ac-
cording to the given partition m, and calls procedure LevelToMerge to compute
the highest level k such that the m' partition class 7,,, functionally depends on



Improving Static Variable Orders Via Invariants 95

P =Ugs;>, m- It does so by determining the set W’ of invariants whose sup-
port is a subset of 7,, UP’, and by performing Gaussian elimination on submatrix
Ww .. to check whether it has full column rank (line B of LevelToMerge). If
such level k exists, then 7, is merged with 7, otherwise the partition remains
unchanged. Procedure InvariantBasedMerging repeats this merging process until
no more merging is possible, then it returns the final partition .

The procedure has polynomial complexity, since it computes O(|P|?) matrix
ranks, in the worst case. In practice, due to the sparsity of matrix W, the
performance is excellent, as discussed in Sec. @l We postpone to future work a
discussion of whether it achieves the smallest possible number of MDD levels
without increasing the number or size of the nodes according to Thm.

3.2 Using Structural Invariants to Order State Variables

It is well-known that the variable order can greatly affect the efficiency of decision
diagram algorithms, and that computing an optimal order is an NP-complete [2].
Thus, practical symbolic model-checking tools must rely on heuristics aimed at
finding either a good order statically, i.e., prior to starting any symbolic manipu-
lation, or at improving the order dynamically, i.e., during symbolic manipulation.

Focusing on static approaches, our locality-based encoding suggests that vari-
able orders with small span Top(t)—Bot(t)+1 for each transition ¢ are preferable,
both memory-wise when encoding N;, and time-wise when applying N; to com-
pute an image. Furthermore, since Saturation works on the nodes in a bottom-up
fashion, it prefers orders where most spans are situated in lower levels. In the
past, we have then considered the following static heuristics [39):

e SOS: Minimize the sum of the transition spans, >, ,(Top(t) — Bot(t) + 1).
e SOT: Minimize the sum of the transition tops, )., Top(t).
e Combined SOS/SOT: Minimize ), Top(t)* - (Top(t) — Bot(t) + 1).

The combined heuristic encompasses SOS and SOT, since the parameter a con-
trols the relative importance of the size of the span vs. its location. When o = 0,
the heuristic becomes SOS, as it ignores the location of the span, while for a > 1,
it approaches SOT. For the test suite in [39], & = 1 works generally well, con-
firming our intuition about the behavior of Saturation, namely that Saturation
tends to perform better when both the size and the location of the spans is small.

We now propose to integrate the idea of an ordering heuristic based on tran-
sition locality with the equally intuitive idea that an order where variables in
the support of an invariant are “close to each other,” is preferable [29]. How-
ever, given the lesson of the previous section, we also wish to apply our greedy
merging heuristic. There are four ways to approach this:

— For each possible permutation of the places, apply our merging heuristic.
Then, evaluate the score of the chosen objective function (among the three
above), and select the permutation that results in the minimum score. Of
course, this results in the optimal order with respect to the chosen objective
function, but the approach is not feasible except for very small nets.
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— Choose one of the objective functions and, assuming one place per level,
compute an order that produces a low score. Note that this is not necessarily
the minimum score, as this is itself an NP-complete problem. Then, apply
either our greedy merging heuristic, or a modified version of it that ensures
that the achieved score is not worsened.

— Given an initial ordering of the places, use our greedy merging heuristic.
Then, compute an order that produces a low, not necessarily minimal, score
for the chosen objective function, subject to the constraints of Thm. B to
keep the node size linear. For example, if m,+m;+m.=N in every marking
m, if places a and b are not covered by any other invariant, if ¢ and b have
been merged together, and if they are at a level below that of ¢, then we
cannot move them above c. If we did, a node encoding m, and m, could
have O(N 2) nonzero edges, since m,+my is not fixed until we know m..

— Consider an invariant just like a transition, i.e., modify the chosen objective
function to sum over both transitions and invariants, where the support of
an invariant is treated just like the dependence list of a transition. Once the
order is obtained, apply our greedy merging heuristic.

We adopt the last approach in conjunction with the SOT objective function,
for several reasons. First, it is very similar in spirit to our original ordering
approach, yet it adds novel information about invariants to guide the heuristic.
Second, we have reasonably fast heuristics to solve SOT (indeed we even have
a logn approximation algorithm for it), while the heuristics for SOS are not
as fast, and those for the combined SOS/SOT problem are even slower. More
importantly, when applying our greedy merging algorithm after the variable
ordering heuristic, the span of an event is changed in unpredictable ways that
do not preserve the optimality of the achieved score.

A fundamental observation is that, if place p is in the support of invariant v,
any transition ¢ that modifies p must also modify at least one other place ¢ in the
support of v. Thus, if p and p’ are the lowest and highest places of the support of
v according to the current MDD order, merging p with the second lowest place
r in the support will not change the fact that p’ is still the highest place in the
support of v. Analogously, the highest place p” determining Top(t) is at least
as high as ¢, which is at least as high as r, thus, again, p” will still determine
the value of Top(t). Of course, the levels of p’ and p” are decreased by one,
simply because the level of p, below them, is removed. Unfortunately, the same
does not hold when p only controls the enabling or firing of a transition ¢, i.e.,
if there is an inhibitor arc from p to ¢ or if p appears in the marking-dependent
cardinality expression of arcs attached to t. In that case, merging p to a higher
level k might increase the value of Top(t) to k. Thus, for standard Petri nets
with no inhibitor arcs and for the restricted self-modifying nets considered in
[8], merging is guaranteed to improve the score of SOT, although it does not
necessarily preserve optimality.

One danger or treating invariants like transitions in the scoring heuristic is
that the number of invariants can be exponentially large, even when limiting
ourselves to minimal ones (i.e., those whose support is not a superset of any other
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support). In such cases, the invariants would overwhelm the transitions and the
resulting order would de facto be based almost exclusively on the invariants. To
avoid this problem, we compute a set of linearly independent invariants and feed
only those to our heuristic for SOT; clearly, this set will contain at most |P|
elements, whence it is of the same order as |7 | in practical models.

4 Experimental Results

We have implemented our static variable ordering merging ideas based on place
invariants in the verification tool SMART'[9], which supports Petri nets as front-
end and reads an invariant matrix generated by the Petri-net tool GreatSPN [7].
This section reports our experimental results on a suite of asynchronous Petri
net benchmarks for symbolic state-space generation.

We ran our experiments on a 3GHz Pentium workstation with 1GB RAM.
Benchmarks mmgt, dac, sentest, speed, dp, q, elevator, and key are safe Petri
nets taken from Corbett [I6]. Benchmarks knights (board game model), fms
and kanban [A0] (manufacturing models), and slot [30], courier [42], and ralep
[20] (protocol models) are Petri nets (without marking-dependent arcs, since
GreatSPN does not accept this extension) from the SMART' distribution.

Results. The first five columns of Table [[l show the model name and parame-
ters, and the number of places (#P), events (#7T') and place invariants computed
by GreatSPN (#1). The remaining columns are grouped according to whether
the static variable order, computed via a fairly efficient logarithmic approxima-
tion for SOT, uses just the place-event matrix (Event) or the combined place-
event-invariant matrix (Event—+Inv). The approximation uses a randomized
procedure, thus different parameters for the same model may result in different
performance trends. For example, with Event, merging reduces the runtime of
courier from 251 to 68sec when the parameter is 40, but has negligible effect
when the parameter is 20.

The time for static variable ordering is stated in column Time Ord. For
each group, we further report results according to whether variable merging is
employed; method No Merge just uses the static order and therefore has one
MDD variable per place of the Petri net, while Merge starts from the static
order and merges variables using the proposed greedy algorithm of Fig. @l

In addition, we state the run-time, peak, and final memory usage if the state-
space generation with Saturation completes within 30 minutes. For Merge, we
also report the number of MDD variables merged (#M). The run-time spent
for merging variables is not reported separately because it is quite small, always
less than 5% of the total run-time, for any of the models. The time needed by
GreatSPN to compute the invariants is shown in column Time Inv.

Discussion. From Table [Il we see the effectiveness of the new static variable
ordering by comparing the two No Merge columns for Event and Event+Inv.
The latter performs much better than the former on mmgt, fms, slot, courier, and
kanban, slightly worse on elevator and knights, and similarly on the remaining
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Table 1. Experimental results (Time in sec, Memory in KB;“>1800” means that run-time exceeds 1800 sec or memory exceeds 1GB)

Event Event+Inv

Model N #P#T #I Time No Merge Merge Time Time No Merge
Ord Time PeakFinal Time PeakFinal#M Inv Ord Time PeakFinal Time
mmgt 3122172 47 40 1.85 1575 83 1.78 1485 77 12 0.02 3.0 0.96 838 46 0.93
mmgt 4158232 48 6.0 18.05 20645 295 17.10 19294 280 14 0.02 5.0 4.71 5385 142 4.78
dac 15105 73 183 1.0 0.24 30 26 0.20 21 19 28 0.02 1.0 0.24 28 27 0.18
sentest 752521023315 2.0 0.55 49 44 0.25 20 17 157 1.07 2.0 0.53 49 45 0.23
sentest 100 327 1275665 5.0 0.71 70 65 0.32 27 24 207 3.48 5.0 094 64 61 0.3
speed 1 29 31 10 0.0 0.07 48 6 0.06 32 4 10 0.01 0.0 0.09 44 6 0.07
dp 12 72 48 48 0.0 0.16 19 15  0.09 9 7 36 0.01 1.0 0.17 18 15 0.09
q 1163194 492 5.0 0.84 715 349 0.72 619 294 27 0.09 5.0 0.77 524 336 0.65
elevator 3326782 693 28.0 47.06 6570 1620 45.39 6532 1412 9 1.87 21.0 49.73 7403 1654 47.71
key 2 94 92 774 0.0 0.26 86 72 0.23 90 58 16 0.45 0.0 0.25 91 71 0.26
key 31291335491 3.0 0.54 231 161 0.53 210 145 18127.11 2.0 0.51 211 146 0.46
knights 5243401 91 2.0 9.20 3321 60 7.03 2138 39 25 0.03 2.0 12.37 4084 60 9.5
fms 20 38 20 27 0.0 258 1388 334 2.76 1371 317 3 0.01 0.0 0.39 189 66 0.5
fms 40 38 20 27 0.0 26.34 10480 1786 27.20 10418 1724 3 0.01 0.0 2.28 755 250 2.57
fms 80 38 20 27 0.0 93.59 19159 9068 110.20 18923 8831 3 0.01 0.0 31.16 9420 1383 32.7
slot 20 160160 42 2.0 >1800 - - >1800 - - — 001 20 1.57 1658 122 1.35
slot 40 320320 82 12.0>1800 - —>1800 - - — 0.03 80 10.96 11802 481 8.56
courier 20 45 34 13 0.0 7.35 698 871 720 6816 775 13 0.01 1.0 4.14 2693 267 3.89
courier 40 45 34 13  0.0251.06 108562 4260 68.22 39397 1126 13 0.01 1.0 25.38 12282 1127 24.99
courier 80 45 34 13  1.0>1800 - - >1800 - - - 0.01 1.0191.34 57385 5902 187.28
kanban 20 16 16 6 0.0307.66 51522 33866 192.56 44343 26687 4 0.01 0.0 0.93 513 55 1.23
kanban 40 16 16 6  0.0539.11 134734 49478 402.62 113223 45753 4 0.01 0.0 7.61 3043 240 8.91
kanban 80 16 16 6  0.0>1800 - —>1800 - - — 0.01 0.0 85.02 20404 1249 99.07
ralep 7 91140 21 2.0 22.73 25767 3424 20.64 21552 2526 21 0.01 3.0 23.00 27704 3349 22.82
ralep 8104168 24 2.0 99.79 90499 9166 106.03 80117 6572 24 0.01 6.0 85.20 88486 7872 81.5

Merge
Peak Final #M
829 43 12
5375 132 14
20 19 28
20 17 157
24 22 208
29 4 10
9 7 36
442 280 29
7359 1443 9
102 58 15
196 136 18
2584 39 25
180 57 3
749 244 3
9301 1263 3
1213 90 41
8540 353 81
2441 229 13
11413 994 13
50540 5212 13
443 45 4
2777 206 4
19367 1124 4
24258 2613 21
66893 6006 24
27

ralep 9117198 27  2.0359.68 238313 17531 429.62 223186 12605 27 0.01  3.0361.09 232590 15463 387.61 196297 11891
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benchmarks. The run-time for variable order computation is normally a small
percentage of the run-times. The same can be said for invariant computation,
with the exception of two models, sentest and key, where GreatSPN computes a
large number of (non-minimal) invariants and requires more run-time than state-
space generation itself (pathologically so for key with parameter 3). However,
it must be stressed that the run-times for state-space generation are the ones
obtained using our heuristic; if we were to use random or even just not as good
orders, the state-space generation run-times would be much larger.

To see the effectiveness of invariants-based variable merging, one can com-
pare the No Merge and Merge columns of Table [[l for either Event and
Event+Inv. Merging almost always substantially improves the peak and final
memory usage and results in comparable or better run-time performance, with
up to a factor of three improvement for memory and time.

Even if merging is guaranteed to reduce the size of a given MDD, applying
this idea is still a heuristic, as it changes the value of Top for the transition
in the net, in such a way that Saturation may apply them in a different order
that results in a larger peak size (in our benchmarks, this happens only for key
with parameter 2). Overall, though, we believe that our ordering and merging
heuristics can pave a way to a fully automated static ordering approach. This
has a very practical impact, as it does not require a modeler to come up with a
good order, and it reduces or eliminates altogether reliance on dynamic variable
reordering, known to be quite expensive in practice.

5 Related Work

Most work on developing heuristics for finding good variable orders has been
carried out in the context of digital-circuit verification and BDDs. Our focus in
this paper is on static ordering, i.e., on finding a good ordering before construct-
ing decision diagrams. In circuit verification, such approaches are typically based
on a circuit’s topological structure and work on the so-called model connectivity
graph, by either searching, evaluating, or decomposing this graph. Grumberg,
Livne, and Markovitch [I8] present a good survey of these approaches and pro-
pose a static ordering based on “experience from training models”. Dynamic
grouping of boolean variables into MDD variables is proposed in [36]; however,
invariants are not used to guide such grouping.

Our approach to static variable ordering with respect to Petri nets stands
out as it considers place invariants and proposes variable merging instead of
variable elimination. It must be pointed out that Pastor, Cortadella, and Roig
mention in [29] that they “choose the ordering with some initial support from
the structure of the Petri net (the P-invariants of the net)”; however, no details
are given. More fundamentally, though, our work here shows that ordering using
invariants is simply not as effective as ordering and merging using invariants.

Invariants are one popular approach to analyzing Petri nets [32/34]. With
few exceptions, e.g., work by Schmidt [35] that utilizes transition invariants and
research by Silva and his group [5] on performance throughput bounds, most
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researchers focus on place invariants. On the one hand, place invariants can help
in identifying conservative upper bounds of a Petri net’s reachable markings.
Indeed, place invariants provide necessary, but not sufficient conditions on the
reachability of a given marking. This in turn can benefit state-space generation
algorithms, as is demonstrated, e.g., by Pastor, Cortadella, and Pefia in [28].

On the other hand, place invariants can be used to reduce the amount of
memory needed for storing a single marking [6I35], by exploiting the functional
dependencies described by each invariant. When storing sets of markings with
decision diagrams, this eliminates some decision-diagram variables. To determine
which exact places or variables should be dropped, Davies, Knottenbelt, and
Kritzinger present a heuristic in [I7]. In that paper they also propose an ad-hoc
heuristic for the static variable ordering within BDDs, based on finding pairs of
similar subnets and interleaving the corresponding places’ bit-vectors.

For the sake of completeness we note that general functional dependencies
have also been studied by Hu and Dill [T9]. In contrast to work in Petri nets where
generated invariants are known to be correct, Hu and Dill do not assume the
correctness of given functional dependencies, but prove them correct alongside
verification. Last, but not least, we shall mention the approach to static variable
ordering taken by Semenov and Yakovlev [37], who suggest to find a “close to
optimal ordering” via net unfolding techniques.

6 Conclusions and Future Work

This paper demonstrated the importance of considering place invariants of Petri
nets when statically ordering variables for symbolic state-space generation. Pre-
vious work focused either solely on optimizing event locality [39], or on eliminat-
ing variables based on invariance information [I7]. The novel heuristic proposed
in this paper enhances the former work by exploiting place invariants for merging
variables, instead of eliminating them as is done in all related research. While
merging is not an option for BDDs, it is suitable for MDD-based approaches,
including our Saturation algorithm [I0]. We proved that merging MDD vari-
ables always reduces MDD sizes, while eliminating variables may actually en-
large MDDs. In addition, for standard Petri nets, merging never breaks event
locality and often improves it, thus benefiting Saturation.

The benchmarking conducted by us within SMART [9] showed that our heuris-
tic outperforms related static variable-ordering approaches in terms of time-
efficiency and memory-efficiency. Most importantly, this is the case for practical
examples, such as large instances of the slotted-ring network and the kanban
system which had been out of reach of existing state-space exploration technol-
ogy before. Hence, using invariants in variable-ordering heuristics is crucial, but
it must be done correctly. In particular, the widespread practice of eliminating
variables based on invariance information is counter-productive and should be
abandoned in favor of merging variables.

Future work should proceed along two directions. On the one hand, we wish
to explore whether our greedy merging algorithm is optimal, in the sense that
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it reduces an MDD to the smallest number of MDD variables according to our
merging rule. On the other hand, we intend to investigate whether place invari-
ants are also beneficial in the context of dynamic variable ordering.
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Abstract. Reconfigurable place/transition systems are Petri nets with
initial markings and a set of rules which allow the modification of the net
during runtime in order to adapt the net to new requirements of the envi-
ronment. In this paper we use transformation rules for place/transition
systems in the sense of the double pushout approach for graph trans-
formation. The main problem in this context is to analyze under which
conditions net transformations and token firing can be executed in arbi-
trary order. This problem is solved in the main theorems of this paper.
Reconfigurable place/transition systems then are applied in a mobile
network scenario.

Keywords: integration of net theory and graph transformations, parallel
and sequential independence of net transformations and token firing.

1 Introduction

In [23], the concept of reconfigurable place/transition (P/T) systems has been
introduced that is most important to model changes of the net structure while
the system is kept running. In detail, a reconfigurable P/T-system consists of
a P/T-system and a set of rules, so that not only the follower marking can be
computed but also the structure can be changed by rule application to obtain a
new P/T-system that is more appropriate with respect to some requirements of
the environment. Moreover these activities can be interleaved.

For rule-based transformations of P/T-systems we use the framework of net
transformations [I7,[18] that is inspired by graph transformation systems [34].
The basic idea behind net transformation is the stepwise development of P/T-
systems by given rules. Think of these rules as replacement systems where the
left-hand side is replaced by the right-hand side while preserving a context. Petri
nets that can be changed, have become a significant topic in the recent years,
as the adaption of a system to a changing environment gets more and more
important. Application areas cover e.g. computer supported cooperative work,
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multi agent systems, dynamic process mining or mobile networks. Moreover,
this approach increases the expressiveness of Petri nets and allows a formal
description of dynamic changes.

In this paper we continue our work by analyzing under which conditions a
firing step is independent of a rule-based transformation step. Independence
conditions for two firing steps of P/T-systems, i.e. being conflict free, are well-
known and closely related to local Church-Rosser properties for graph resp.
net transformations (see [34,[I7,[I8]) that are valid in the case of parallel and
sequential independence of rule-based transformations. In [I7] conditions for
two transformation steps are given in the framework of high-level replacement
systems with applications to net transformations, so that these transformation
steps applied to the same P /T-system can be executed in arbitrary order, leading
to the same result. But up to now it is open under which conditions a net
transformation step and a firing step are independent of each other. In more
detail, we assume that a given P/T-system represents a certain system state.
The next evolution step can be obtained not only by token firing, but also by
the application of one of the rules available. Hence, the question arises, whether
each of these evolution steps can be postponed after the realization of the other,
yielding the same result. Analogously, we ask ourselves if they can be performed
in a different order without changing the result.

In Section[2 we present an interesting application of our concept in the area of
mobile ad-hoc networks. While Section [3] reviews the notions of reconfigurable
nets and net transformations, in Section El our main theorems concerning the
parallel and sequential independence of net transformation and token firing are
achieved. In Section [Bl we show how these concepts and results can be put into
the more general framework of algebraic higher-order nets. Finally, we outline
related work and some interesting aspects of future work in Section

2 Mobile Network Scenario

In this section we will illustrate the main idea of reconfigurable P /T-systems in
the area of a mobile scenario. This work is part of a collaboration with some
research projects where the main focus is on an adaptive workflow management
system for mobile ad-hoc networks, specifically targeted to emergency scenariod].
So, as a running example we use a scenario in archaeological disaster/recovery:
after an earthquake, a team (led by a team leader) is equipped with mobile
devices (laptops and PDAs) and sent to the affected area to evaluate the state
of archaeological sites and the state of precarious buildings. The goal is to draw a
situation map in order to schedule restructuring jobs. The team is considered as
an overall mobile ad-hoc network in which the team leader’s device coordinates
the other team member devices by providing suitable information (e.g. maps,
sensible objects, etc.) and assigning activities. A typical cooperative process to
be enacted by a team is shown in Fig. [[l as P/T-system (PNy, M;), where we

! MOBIDIS - [http://www.dis.uniromal.it/pub/mecella/projects/MobiDIS| MATIS -
http://www.mais-project.it, IST FP6 WORKPAD - http://www.workpad-project.eu/
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Fig. 1. Firing steps Select Building and Go to Destination

assume a team consisting of a team leader as picture store device and two team
members as camera device and bridge device, respectively.

To start the activities of the camera device the follower marking of the P/T-
system (P Ny, M) is computed by firing transition Select Building and we obtain
the new P/T-system (PNy, M/) depicted in the middle of Fig.[Il In a next step
the task Go to Destination can be executed (see right-hand side of Fig. [I]).

To predict a situation of disconnection a movement activity of the bridge
device has to be introduced in our system. In more detail, the workflow has
to be extended by a task to follow the camera device. For this reason we pro-
vide the rule prodyoow depicted in the upper row in Fig. [ In general, a rule
prod = ((L, Mp) L (K, M) = (R, Mg)) is given by three P/T-systems called
left-hand side, interface, and right-hand side, respectively, and a span of two (spe-
cific) P/T-morphisms ! and r. For the application of the rule prodyoiew to the
P/T-system (PNy, My) (see Fig.[I) we additionally need a match morphism m
that identifies the relevant parts and has to respect the so-called gluing condition

(see Section [)). Then the transformation step (PNy, M) Prodigio (PN, M>)
as shown in Fig. [ is given as follows: first, the transitions Go to Destina-
tion and Send Photos are deleted and we obtain the intermediate P/T-system
(PNy, My); then the transitions Go to Destination, Send Photos and Follow
Camera Device together with their (new) environments are added. Note that a
positive check of the gluing condition makes sure that the intermediate P/T-
system is well-defined. Analogously, the application of the rule prodyoiow to the
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P/T-system (PNy, M{) in the middle of Fig. [dlleads to the transformation step

(PNy, M{) P72 (PN, M}) in Fig.

Note that in general token game and rule applications cannot be interleaved,
e.g. if the transformation rule deletes the transition or a part of the marking
used for the token firing. Thus we are looking for conditions such that firing
steps and transformation steps can be performed in any order leading to the
same P /T-system. In Section Ml we define in more detail conditions to ensure the
independence of these activities.

Summarizing, our reconfigurable P/T-system ((PN1, M), {prodoiow}) con-
sists of the P/T-system (PN, M) and the set of rules {prodfoiiow } with one rule
only. We can consider further rules, e.g. those given in [9)31], leading to a more com-
plex reconfigurable P /T-system. But in this paper we use the simple reconfigurable
P /T-system as an example to help the reader understand the main concepts.

3 Reconfigurable P/T-Systems

In this section we formalize reconfigurable P /T-systems. As net formalism we use
P /T-systems following the notation of “Petri nets are Monoids” in [28]. In this
notation a P/T-net is given by PN = (P, T, pre, post) with pre- and post domain
functions pre, post : T — P® and a P/T-system is given by (PN, M) with mark-
ing M € P® where P? is the free commutative monoid over the set P of places
with binary operation @, e.g. the monoid notation M = 2p; & 3ps means that
we have two tokens on place p; and three tokens on ps. Note that M can also
be considered as function M : P — N where only for a finite set P’ C P we
have M (p) > 1 with p € P’. We can switch between these notations by defining
dpepMp)-p=M ¢ P®. Moreover, for My, My € PP we have M; < My if
M;i(p) < Ms(p) for all p € P. A transition ¢t € T is M-enabled for a marking
M e P® if we have pre(t) < M, and in this case the follower marking M’ is given
by M’ = M & pre(t) @ post(t) and (PN, M) —— (PN, M) is called firing step.
Note that the inverse © of & is only defined in M7 © Ms if we have My < Mj.

In order to define rules and transformations of P/ T-systems we introduce P /T-
morphisms which preserve firing steps by Condition (1) below. Additionally they
require that the initial marking at corresponding places is increasing (Condition
(2)) or even stronger (Condition (3)).

Definition 1 (P/T-Morphisms)

Given P/T-systems PN; = (PN;, M;) with PN; = (P;,T;, pre;, post;) for i =
1,2, a P/T-morphism [ : (PNy, My) — (PNa, Ms) is given by f = (fp, fr) with
functions fp: P, — Py and fr : T1 — Ts satisfying

(1) flef opre; = pres o fr and flﬂf o post; = posts o fr and
(2) Mi(p) < Ma(fp(p)) for allp € Pi.

Note that the extension fg : PP — P of fp: P — Py is defined by
oo kiopi) =3 ki fr(pi). (1) means that f is compatible with pre- and
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post domain, and (2) that the initial marking of PNy at place p is smaller or

H. Ehrig et al.
(L, Myp,) O (K, M) O (R, MR)
Go to Destination|
O O
O @)
Send Photos
O @)
(PNy, My) (PNq, Mg) (PNg, Mg)
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Matching

Select Building

Matching

Capture Scene

Matching

Send Photos

Fig. 2. Transformation step (PN1, M)

equal to that of PNy at fp(p).

The category defined by P/T-systems and P/T-morphisms is denoted by PTSys
where the composition of P/T-morphisms is defined componentwise for places

an

Remark 1. For our morphisms we do not always have f;B(]Vfl) < M,. E.g. My =
p1 @ pa, My = p and fp(p1) = fp(p2) = p implies f5 (M) = 2p > p = My, but

Moreover the P/T-morphism f is called strict if fp and fr are injective and

prodyoliow
—

(PNy, M)

(3) Mi(p) = Ma(fp(p)) for allp € Py.

d transitions.

Mi(p1) = Mi(p2) = 1 = Ma(p).
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Fig. 3. Transformation step (PN, M) PN, My)

As discussed in our paper [23] we are able to define the gluing of P/T-systems via
P/T-morphisms by pushouts in the category PTSys. Informally, a pushout in
a category CAT is a gluing construction of two objects over a specific interface.
Especially we are interested in pushouts of the form where [ is a strict and c is a
general morphism. So, we can apply rules. Vice versa, given the left-hand side of
a rule (K, M) R (L, My,) (see Def. B)) and a match m: (L, My) — (PNy, M)
we have to construct a P /T-system (P Ny, Mo) !

such that (1) becomes a pushout. This con- (K, M) > (L, My)
struction requires the following gluing condi- c (1) m

tion which has to be satisfied in order to apply v v

a rule at a given match. The characterization (PNo, Mo) > (PNy, My)

of specific points is a sufficient condition for the existence and uniqueness of
the so called pushout complement (P Ny, My), because it allows checking for the
applicability of a rule to a given match.

Definition 2 (Gluing Condition for P/T-Systems)

Let (L, M) ™% (PNy, My) be a P/T-morphism and (K, M) 4 (L, My) a strict
morphism , then the gluing points GP, dangling points DP and the identification
points IP of L are defined by

GP:l(PKUTK)
DP = {pEPLEtE (T1\mT(TL)) ( )Eprel(t)GBpostl(t)}
IP= {pe P € PL:p#p /\mP() mp(p')}

U{t e Tp|3 € T it £t Amp(t) =mp(t)}
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A P/T-morphism (L, M) = (PNy, My) and a strict morphism (K, M) 4

(L, My) satisfy the gluing condition, if all dangling and identification points are
gluing points, i.e DP UIP C GP, and m is strict on places to be deleted, i.e.

Vp € PL\I(Pk) : Mp(p) = Mi(m(p))-

Ezample 1. In Section 2] examples of P/T-morphisms are given in Fig. [ by
(K, My) 5 (L, M) and (L, ML) 25 (PNy,Mi). For the dangling points we
have DP = Py, while the set of identification points I P is empty. So, these P/T-
morphisms satisfy the gluing condition because the gluing points GP are also
equal to the set of places P, and all places are preserved.

Next we present rule-based transformations of P/T-systems following the double-
pushout (DPO) approach of graph transformations in the sense of [34,17], which
is restrictive concerning the treatment of unmatched transitions at places which
should be deleted. Here the gluing condition forbids the application of rules in
this case. Furthermore, items which are identified by a non injective match are
both deleted or preserved by rule applications.

Definition 3 (P/T-System Rule)

A rule prod = ((L, M) L (K,Mg) = (R, MRg)) of P/T-systems consists of
P/T-systems (L, My), (K, Mkg), and (R, Mg), called left-hand side (LHS), in-
terface, and right-hand side (RHS) of prod respectively, and two strict P/T-
morphisms (K, M) 4 (L, My) and (K, Mg) = (R, Mg).

Note that we have not yet considered the firing of the rule nets (L, My,), (K, Mg)
and (R, Mpr) as up to now no relevant use could be found. Nevertheless, from a
theoretical point of view simultaneous firing of the nets (L, M), (K, Mg) and
(R, MR) is easy as the morphisms are marking strict. The firing of only one of
these nets would require interesting extensions of the gluing condition.

Definition 4 (Applicability of Rules)
A rule prod = ((L,Mp,) L (K,Mg) = (R,MRg)) is called applicable at the
match (L, Mp) 2 (PNy, My) if the gluing condition is satisfied for 1 and m. In

this case we obtain a P/T-system (PNy, My) leading to a net transformation
prod,m

step (PNy,My) "= (PN, Ms) consisting of the following pushout diagrams
(1) and (2). The P/T-morphism n : (R, Mg) — (PNa, Mz) is called comatch of
the transformation step.

(L, M) <

(Kv MK) "o (Rv MR)
m (1) c (2) n
\ \ \
(PNI’M1)<Z* (PN07M0) 7A*>(.P]\/v2,.2\42)

Now we are able to define reconfigurable P/T-systems, which allow modifying
the net structure using rules and net transformations of P/T-systems.
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Definition 5 (Reconfigurable P/T-Systems)
Given a P/T-system (PN, M) and a set of rules RULES, a reconfigurable P/T-
system is defined by (PN, M), RULES).

Examples of rule applications and of a reconfigurable P/T-system can be found
in Section

4 Independence of Net Transformations and Token Firing

In this section we analyze under which conditions net transformations and to-
ken firing of a reconfigurable P/T-system as introduced in Section B can be
executed in arbitrary order. These conditions are called (co-)parallel and se-
quential independence. Note that independence conditions for two firing steps
of P/T-systems are well-known and independence of two transformation steps is
analyzed already for high-level replacement systems with applications to Petri
net transformations in [I7]. We start with the situation where a transformation
step and a firing step are applied to the same P/T-system. This leads to the
notion of parallel independence.

Definition 6 (Parallel Independence)
A transformation step (PNy, My) prodygn (PNa, M) of P/T-systems and a firing
step (PNy, M) 4, (PNy, Mj) for ty € Ty are called parallel independent if

(1) ty is not deleted by the transformation step and
(2) Mr(p) < M{(m(p)) for all p € P, with (L, M) = LHS(prod).

Parallel independence allows the execution of the transformation step and the
firing step in arbitrary order leading to the same P /T-system.

Theorem 1 (Parallel Independence). Given parallel independent steps
(PNy, My) P24 (PNy, M) and (PNy, My) 2 (PNy, M]) with t; € Ty then
there is a corresponding to € Ty with firing step (P Ny, Ms) L2, (PNy, M}) and
a transformation step (PNy, M) prodym’ (PNa, M) with the same marking MJ.

(PNy, My)

(PNo, M) (PNy, M)

%

(PN27 Mé)

/X

Remark 2. Cond. (1) in Def. [fis needed to fire to in (PN2, M3), and Cond. (2) in
Def. [Blis needed to have a valid match m’ in (PN, M7). Note that m/(z) = m(x)
forall x € P, UTy.
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Proof. Parallel independence implies that ¢; € T} is preserved by the transfor-

prod,m

mation step (PNy, My) "= (PNa, Ms). Hence there is a unique ¢y € Ty with
I*(to) = t1. Let to = r*(tp) € Tz in the following pushouts (1) and (2), where [*
and r* are strict.

(LuML) = (K7 MK) i (Rv MR)
m (1) (2) n
\ \ \
(PNI’M1)<Z* (PN07M0) 7A*>(.P]\/v2,.2\42)

Now ¢; being enabled under M; in PN; implies prei(t1) < M;. Moreover,
I* and r* strict implies preg(to) < My and pres(ta) < Ms. Hence to is enabled
under M5 in PNy and we define MY = My & pres(ta) @ posta(ta).

Now we consider the second transformation step, with m’ defined by m/(z) =
m(x) for x € P, UTy,.

(L,ML)< (K,MK) " >(R,MR)

m’ (1) (2" n’
\ \ \
(PNy, M) <l*’ (PNg, M) T*/> (PNy, M)

m’ is a P/T-morphism if for all p € Py, we have

(a) Myp(p) < Mi(m/(p)),
and the match m’ is applicable at M7, if

(b) IPUDP C GP and for all p € P, \ I(Pg) we have My (p) = M{(m(p)) (see
gluing condition in Def. ().

Cond. (a) is given by Cond. (2) in Def. [6l because we assume that (PNy, M)

PO PNy, My) and (PN, M) -2 (PNy, M}) with ¢, € Ty are parallel inde-
pendent. Moreover, the match m being applicable at M; implies IPUDP C GP
and for all p € Pp \ I[(Pg) we have M (p) = M1(m(p)) = M{(m ( )) by Lemma

[ below using the fact that there is a firing step (PNy, M;) — (PNy, My).
The application of prod along m’ leads to the P/T-system (PN, MY), where
(x) = I*(x), r(x) = r*(x) for all x € Py UTp, and n*(z) = n*(z) for all
x € PRUTR.

Finally, it remains to show that M) = MJ. By construction of the transfor-

prod,m

mation steps (PN1, My) "™ (PNy, My) and (PNy, M]) 22" (PNy, MY) we

have

(1) for all pg € Py: Ma(r* (p )) Mo(po) = My(I*(po)),

(2) for all p € Pp\ 7(Pk): Ma(n(p)) = Mg(p),

(3) for all po € Po: MY (r*(po)) = M{(po) = M{(I*(po)) and
(4) for all p € P\ r(Pk): My (n'(p)) = Mgr(p).

/—\
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By construction of the firing steps (PNy, M) 4 (PNy, My) and (PN, Ms)
L2, (PNay, M}) we have

(5) for all p; € Pi: M{(p1) = My(p1) © prei(t1)(p1) @ posti(t1)(p1) and
(6) for all pgy € Po: My(p2) = Ma(p2) © prea(ta)(p2) ® posta(tz)(p2)-

Moreover, [ and r* strict implies the injectivity of [* and r* and we have

(7) for all pg € Po: preg(to)(po) = pre1(t1)(I*(po)) = prea(te)(r*(po)) and
posto(to)(po) = posti(t1)(I*(po)) = posta(t2)(r*(po))-

To show that this implies
(8) My = My,
it is sufficient to show

(8a) for all p € Pr\ r(Pk): M§(n'(p)) = Mi(n(p)) and
(8b) for all pg € Po: M3 (r*(po)) = M5(r* (po))-

First we show that condition (8a) is satisfied. For all p € Pg \ r(Pk) we have

4) ©) (©)
M3 (n/(p)) = Mr(p) = Ma(n(p)) = My(n(p))
because n(p) is neither in the pre domain nor in the post domain of ¢s, which
are in *(Py) because to is not created by the rule (see Lemmal[ll applied to the
inverse rule prod—1).
Next we show that condition (8b) is satisfied. For all pg € Py we have

5

MP(r*(po) 2 M)
2 M
(

5

(:) M (I* (po
1) and (7
():()M 2o

o(r*
(i) Mé r*(po

S

)
) © prea(t1) (" (po)) @ posty(t1) (1" (po))
) © prea(t2)(r*(po)) & posta(t2)(r” (po))
)

It remains to show Lemma [I] which is used in the proof of Theorem [l

Lemma 1. For all p € P, \ [(Px) we have m(p) & dom(t1), where dom(ty) is
union of pre- and post domain of t1, and ty is not deleted.

Proof. Assume m(p) € dom(ty).

Case 1 (t; = m(t) for ¢ € T1): t1 not being deleted implies ¢ € I(Tk). Hence
there exists p’ € dom(t) C I(Pk), such that m(p’) = m(p); but this is a
contradiction to p € Pr \l(Px) and the fact that m cannot identify elements
of l(PK) and PL \Z(PK)
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(PNg, M§/) (PNg, M4/")

Select Building

aaaaaa

eeeee

Matching Matching

Fig. 4. P/T-systems (PN2, M5') and (PN2, M3")

Case 2 (t1 € m(TL)): m(p) € dom(t1) implies by the gluing condition in Def.
Bl that p € I(Pk), but this is a contradiction to p € Pr, \ I(Pk).

Ezample 2. The firing step (PN, M) Select Byilding (PNy, M]) (see Fig.[I) and

the transformation step (PNp, M;) prodigo (PNa, Ms) (see Fig. ) are par-
allel independent because the transition Select Building is not deleted by the
transformation step and the marking M7, is empty. Thus, the firing step can be
postponed after the transformation step or, vice versa, the rule prod;oyow can
be applied after token firing yielding the same result (PN, M}) in Fig.

In contrast the firing step (PNy, M7) Go to Desgination (PNy, M{") (see Fig. )

and the transformation step (PN, M7) Prodigio (PNo, MY}) (see Fig.B) are not
parallel independent because the transition Go to Destination is deleted and
afterwards reconstructed by the transformation step (it is not included in the
interface K). In fact, the new transition Go to Destination in (PN, M}) could
be fired leading to (PN2, M}) (see Fig. M) and vice versa we could fire Go to
Destination in (PNy, M{) and then apply prodyoiow leading to (PNa, MJ') (see
Fig. @), but we would have MY £ MJ'.

In the first diagram in Theorem [Il we have required that the upper pair of steps
is parallel independent leading to the lower pair of steps. Now we consider the
situations that the left, right or lower pair of steps are given - with a suitable
notion of independence - such that the right, left and upper part of steps can be
constructed, respectively.
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Definition 7 (Sequential and Coparallel Independence). In the following
diagram with LHS(prod) = (L, Mp), RHS(prod) = (R, Mg), m and m’ are
matches and n and n' are comatches of the transformation steps with m(x) =
m/(x) for x € P, UTy and n(z) =n'(z) for x € PrUTg, we say that

(PNy, My)
(prod,m,n \
(PN2, M>) (PNy, M)
x %m'm')
(PN27 Mé)

1. the left pair of steps, short ((prod,m,n),ts), is sequentially independent if
(a) to is not created by the transformation step
(b) Mr(p) < Mj(n(p)) for allp € Pr

2. the right pair of steps, short (t1,(prod,m’,n’)), is sequentially independent
if
(a) t1 is not deleted by the transformation step
(b) My (p) < Mi(m/(p)) for allp € P,

3. the lower pair of steps, short (ta, (prod,m’,n’)), is coparallel independent if
(a) to is not created by the transformation step
(b) M(p) < Ma(n'(p)) for all p € Pr

Example 3. The pair of steps (Select Building, (prodsoiiow, m’,n')) depicted in
Fig. [ is sequentially independent because the transition Select Building is not
deleted by the transformation step and the marking My, is empty. Analogously,
the pair of steps ((prodsoiow, m,n), Select Building) depicted in Fig. [flis sequen-
tially independent because the transition Select Building is not created by the
transformation step and the marking Mpg is empty. For the same reason the pair
(Select Building,(prodfoiiow, m’,n')) is coparallel independent.

Remark 3. Note that for prod = ((L, Mp) & (K,Mg) = (R, Mg)) we have

r l

prod~! = ((R,Mg) <« (K,Mg) — (L,Mp)) and each direct transformation

(PN, M) Brog (PN3, Ms) with match m, comatch n and pushout diagrams (1)

—1
and (2) as given in Def. [ leads to a direct transformation (PNs, M>) prod,

(PN1, M;) with match n and comatch m by interchanging pushout diagrams
(1) and (2).
Given a firing step (PNy, M) - (PNy, M) with M| = M; © prei(t1) @
—1
posty(t1) we can formally define an inverse firing step (PNy, M7) b, (PNy, M)
with My = M] © posty(t1) & prei(t1) if posti(t1) < Mj{, such that firing and
inverse firing are inverse to each other.
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Select
Building
—_—

Zoom on

prod
damaged part follow

>

DDDDDD
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Fig. 5. Pair of steps (Select Building, (prodsoiiow, m',n’))

Formally all the notions of independence in Def. [ can be traced back to
parallel independence using inverse transformation steps based on (prod=1,n,m)
and (prod—1,n’,m’) and inverse firing steps tfl and t5 ! in the following diagram.

(PNy, M)
(prod,m,n t1
prod™"n,m) t!
(PN2, M3) (PNy, My)

ts (prod,m’,n’

A

£ Frod1 ! m')

(PN27 MQ)

N

1. ((prod,m,n),t3) is sequentially independent iff ((prod—1,n,m), t3) is parallel
independent.

2. (t1, (prod,m’,n’)) is sequentially independent iff ((prod,m’,n’),t;") is par-
allel independent.

3. (ta, (prod,m’,n’)) is coparallel independent iff ((prod—",n’,m’),t; ") is par-
allel independent.

Now we are able to extend Theorem [l on parallel independence showing that

resulting steps in the first diagram of Theorem [l are sequentially and coparallel
independent.

Theorem 2 (Parallel and Sequential Independence). In Theorem[d, where
we start with parallel independence of the upper steps in the following diagram with
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matchm and comatchn, we have in addition the following sequential and coparallel
independence in the following diagram:

(PNl,Ml)
(PNo, M) (PNy, M)
X prod,m’,n’)
(PN27M5)

1. The left pair of steps, short ((prod,m,n),ts), is sequentially independent.
2. The right pair of steps, short (t1, (prod,m’,n’)), is sequentially independent.
3. The lower pair of steps, short (ta, (prod,m’,n’)), is coparallel independent.

Proof. We use the proof of Theorem [

1. (a) to is not created because it corresponds to t; € Ty which is not deleted.
(b) We have Mg(p) < Mj(n(p)) for all p € Pgr by construction of the
pushout (2') with M} = M.
(a) tp is not deleted by the assumption of parallel independence.
(b) Mr(p) < Mi(m(p)) for all p € P, by pushout (1).
3. (a) to is not created as shown in the proof of 1. (a).
(b) Mg(p) < Ma(n(p)) for all p € Pg by pushout (2).

(PNg, Mg) (PNgy, Mj)

Select Building Select Building

Select
prodyoliow Zoomon Building Zoomon

E—— E—

eeeeee

Fig. 6. Pair of steps ((prodysoiiow, m,n), Select Building)
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In Theorem[Plwe have shown that parallel independence implies sequential and
coparallel independence. Now we show vice versa that sequential (coparallel) inde-
pendence implies parallel and coparallel (parallel and sequential) independence.

Theorem 3 (Sequential and (Co-)Parallel Independence)

1. Given the left sequentially independent steps in diagram (1) then also the
right steps exist, s.t. the upper (right, lower) pair is parallel (sequentially,
coparallel) independent.

2. Given the right sequentially independent steps in diagram (1) then also the
left steps exist, s.t. the upper (left, lower) pair is parallel (sequentially, co-
parallel) independent.

3. Given the lower coparallel independent steps in diagram (1) then also the
upper steps exist, s.t. the upper (left,right) pair is parallel (sequentially, se-
quentially) independent.

(PNy, M)

L

(PNay, My) (1) (PN, M7)

/X

to prod,m’,n’)

(PN2, Mj)

Proof 1. Using Remark B left sequential independence in (1) corresponds to
parallel independence in (2). Applying Theorem [Il and Theorem ] to the left
pair in (2) we obtain the right pair such that the upper and lower pairs are
sequentially and the right pair coparallel independent. This implies by Remark[3]
that the upper (right, lower) pairs in (1) are parallel (sequentially, coparallel)
independent.

(PNy, M)

(pro% \

(PNQ,MQ) (2) (PNl,M{)

x p’r’Odil,'n/,m/)

(PN2, Mj)

The proofs of items 2. and 3. are analogous to the proof of 1.

5 General Framework of Net Transformations

In [23], we have introduced the paradigm ”nets and rules as tokens” using a
high-level model with suitable data type part. This model called algebraic higher-
order (AHO) system (instead of high-level net and replacement system as in [23])
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exploits some form of control not only on rule application but also on token firing.
In general an AHO-system is defined by an algebraic high-level net with system
places and rule places as for example shown in Fig. [[l where the marking is given
by a suitable P/T-system resp. rule on these places. For a detailed description of
the data type part, i.e. the AHO-SYSTEM-signature and corresponding algebra
A, we refer to [23].

In the following we review the behavior of AHO-systems according to [23].
With the symbol Var(t) we indicate the set of variables of a transition ¢, i.e.,
the set of all variables occurring in pre- and post domain and in the firing-
condition of ¢t. The marking M determines the distribution of P/T-systems and
rules in an AHO-system, which are elements of a given higher-order algebra A.
Intuitively, P/T-systems and rules can be moved along AHO-system arcs and can
be modified during the firing of transitions. The follower marking is computed
by the evaluation of net inscriptions in a variable assignment v : Var(t) — A.
The transition ¢ is enabled in a marking M, if and only if (¢, v) is consistent, that
is if the evaluation of the firing condition is fulfilled. Then the follower marking
after firing of transition ¢ is defined by removing tokens corresponding to the net
inscription in the pre domain of ¢ and adding tokens corresponding to the net
inscription in the post domain of ¢.

p1 : System po : Rules

token game n n transformation

t : Transitions —— (PN1,M1) |Jeoo-|™ :Mor <L> prodgoliow
cod m =n
enabled(n, t) =tt | fire(n, t) transform(r, m) applicable(r, m) = tt

(AHO-SYSTEM-SIG,A)

Fig. 7. Algebraic higher-order system

The transitions in the AHO-system in Fig. [1 realize on the one hand firing
steps and on the other hand transformation steps as indicated by the net in-
scriptions fire(n,t) and transform(r,m), respectively. The initial marking is
the reconfigurable P /T-system given in Section[Z] i.e. the P/T-system (PN, M)
given in Fig. [[lis on the place p1, while the marking of the place ps is given by
the rule prod fouew given in Fig.[21 To compute the follower marking of the P/T-
system we use the transition token game of the AHO-system. First the variable
n is assigned to the P/T-system (PNy, M7) and the variable ¢ to the transition
Select Building. Because this transition is enabled in the P/T-system, the firing
condition is fulfilled. Finally, due to the evaluation of the term fire(n,t) we
obtain the new P/T-system (PN, M7) (see Fig. [II).

For changing the structure of P/T-systems the transition transformation is
provided in Fig. [l Again, we have to give an assignment v for the variables
of the transition, i.e. variables n, m and r, where v(n) = (PN, Mi), v(m)
is a suitable match morphism and v(r) = prodyoiow. The firing condition cod
m = n ensures that the codomain of the match morphism is equal to (PNy, M),
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while the second condition applicable(r, m) checks the gluing condition, i.e. if
the rule prodyonow is applicable with match m. Afterwards, the transformation
step depicted in Fig. [2] is computed by the evaluation of the net inscription
transform(r,m) and the effect of firing the transition transformation is the
removal of the P/T-system (PN, My) from place p; in Fig. [ and adding the
P/T-system (PNa, Ms) to it. The pair (or sequence) of firing and transformation
steps discussed in the last sections is reflected by firing of the transitions one
after the other in our AHO-system. Thus, the results presented in this paper are
most important for the analysis of AHO-systems.

6 Conclusion

This paper continues our work on "nets and rules as tokens” [23] by transferring
the results of local Church-Rosser, which are well known for term rewriting and
graph transformations, to the consecutive evolution of a P/T-system by token
firing and rule applications. We have presented conditions for (co-)parallel and
sequential independence and we have shown that provided that these conditions
are satisfied, firing and transformation steps can be performed in any order,
yielding the same result. Moreover, we have correlated these conditions, i.e. that
parallel independence implies sequential independence and vice versa, sequential
(coparallel) independence implies parallel and coparallel (parallel and sequential)
independence. The advantage of the presented conditions is that they can be
checked syntactically and locally instead of semantically and globally. Thus,
they are also applicable in the case of complex reconfigurable P /T-systems.
Transformations of nets can be considered in various ways. Transformations
of Petri nets to another Petri net class (e.g. in [7[I0,[35]), to another modeling
technique or vice versa (e.g in [2LBL1526L[B3,[014]) are well examined and have
yielded many important results. Transformation of one net into another without
changing the net class is often used for purposes of forming a hierarchy, in terms
of reductions or abstraction (e.g. in [22[I62012/]]) or transformations are used
to detect specific properties of nets (e.g. in [3l[4L[6,29]). Net transformations that
aim directly at changing the net in arbitrary ways as known from graph trans-
formations were developed as a special case of high-level replacement systems
e.g. in [I7]. The general approach can be restricted to transformations that pre-
serve specific properties as safety or liveness (see [30,[32]). Closely related are
those approaches that propose changing nets in specific ways in order to pre-
serve specific semantic properties, as equivalent (I/O-) behavior (e.g in [IL11]),
invariants (e.g. in [I3]) or liveness (e.g. in [19,[37]). Related are also those ap-
proaches that follow the "nets as tokens”-paradigm, based on elementary object
nets introduced in [36]. Mobile object net systems [24,21] are an algebraic for-
malization of the elementary object nets that are closely related to our approach.
In both cases the data types, respectively the colors represent the nets that are
the token nets. Our approach goes beyond those approaches as we additionally
have rules as tokens, and transformations of nets as operations. In [24] con-
currency aspects between token nets have been investigated, but naturally not



Independence of Net Transformations and Token Firing 121

concerning net transformations. In [27] rewriting of Petri nets in terms of graph
grammars are used for the reconfiguration of nets as well, but this approach
lacks the "nets as tokens”-paradigm.

In this paper we present main results of a line of research] concerning for-
mal modeling and analysis of workflows in mobile ad-hoc networks. So, there
is a large amount of most interesting and relevant open questions directly re-
lated to the work presented here. While a firing step and a transformation step
that are parallel independent can be applied in any order, an aspect of future
work is under which conditions they can be applied in parallel leading to the
notions of parallel steps. Vice versa a parallel step should be splitted into the
corresponding firing and transformation steps. This problem is closely related
to the Parallelism Theorem for high-level replacement systems [I7] which is the
basis of a shift construction for transformation sequences. Moreover, it is most
interesting to transfer further results which are already valid for high-level re-
placement systems, e.g. confluence, termination and critical pairs [I7]. We plan
to develop a tool for our approach using the graph transformation engine AG
as a tool for the analysis of transformation properties like independence and ter-
mination, meanwhile the token net properties could be analyzed using the Petri
Net Kernel [25], a tool infrastructure for Petri nets different net classes.
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Abstract. Current algorithms for the automatic verification of Petri nets suffer
from the explosion caused by the high dimensionality of the state spaces of prac-
tical examples. In this paper, we develop an abstract interpretation based analysis
that reduces the dimensionality of state spaces that are explored during verifica-
tion. In our approach, the dimensionality is reduced by trying to gather places
that may not be important for the property to establish. If the abstraction that is
obtained is too coarse, an automatic refinement is performed and a more precise
abstraction is obtained. The refinement is computed by taking into account infor-
mation about the inconclusive analysis. The process is iterated until the property
is proved to be true or false.

1 Introduction

Petri nets (and their monotonic extensions) are well-adapted tools for modeling con-
current and infinite state systems like, for instance, parameterized systems [1]. Even
though their state space is infinite, several interesting problems are decidable on Petri
nets. The seminal work of Karp and Miller [2] shows that, for Petri nets, an effective
representation of the downward closure of the set of reachable markings, the so-called
coverability set, is constructible. This coverability set is the main tool needed to decide
several interesting problems and in particular the coverability problem. The coverability
problem asks: “given a Petri net N, an initial marking m( and a marking m, is there a
marking m/’ reachable from mq which is greater or equal to m”. The coverability prob-
lem was shown decidable in the nineties for the larger class of well-structured transition
systems [3, [4]]. That class of transition systems includes a large number of interesting
infinite state models including Petri nets and their monotonic extensions.

A large number of works have been devoted to the study of efficient techniques for
the automatic verification of coverability properties of infinite state Petri nets, see for
example [3} [6] [7, 8]. Forward and backward algorithms are now available and have
been implemented to show their practical relevance. All those methods manipulate,
somehow or other, infinite sets of markings. Sets of markings are subsets of IN* where
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IN is the set of positive integers and k£ is the number of places in the Petri net. We call
k its dimension. When k becomes large the above mentioned methods suffer from the
dimensionality problem: the sets that have to be handled have large representations that
make them hard to manipulate efficiently.

In this paper, we develop an automatic abstraction technique that attacks the dimen-
sionality problem. To illustrate our method, let us consider the Petri net of Fig.[I(a). This
Petri net describes abstractly a system that spawns an arbitrary number of processes
running in parallel. There are two independent critical sections in the system that corre-
spond to places py, p5 and to places pg, pg. One may be interested in proving that mutual
exclusion is ensured between py and ps. That mutual exclusion property is local to a
small part of the net, and it is intuitively clear that the places pg, p7, Ps, P9, P10, P11, P12
are irrelevant to prove mutual exclusion between py4 and ps. Hence, the property can
be proved with an abstraction of the Petri net as shown in Fig. [[(b) where the places
{p1,ps, 7, P8, P9, P10, P11, P12} are not distinguished and merged into a single place
p’. However, the current methods for solving coverability, when given the Petri net of
Fig. [a) will consider the entire net and manipulate subsets of IN'2. Our method will
automatically consider sets of lower dimensionality: in this case subsets of IN®.

@ {te,ts} ®

Fig. 1. A Petri net with two distinct mutual exclusion properties (a) and its abstraction (b)

Our algorithm is based on two main ingredients: abstract interpretation and auto-
matic refinement. Abstract interpretation is a well-established technique to define,
in a systematic way, abstractions of semantics. In our case, we will use the notion of
Galois insertion to relate formally subsets in IN* with their abstract representation in
IN* with &' < k. This Galois insertion allows us to systematically design an abstract
semantics that leads to efficient semi-algorithms to solve the coverability problem by
manipulating lower dimensional sets. We will actually show that the original cover-
ability problem reduces to a coverability problem of lower dimensionality and so our
algorithm can reuse efficient implementations for the forward and backward analysis
of those abstractions. When the abstract interpretation is inconclusive, because it is not
precise enough, our algorithm automatically refines the abstract domain. This refine-
ment ensures that the next analysis will be more precise and that the abstract analysis
will eventually be precise enough to decide the problem. The abstraction technique that
we consider here uses all the information that has been computed by previous steps
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and is quite different from the technique known as counterexample guided abstraction
refinement [9)].

We have implemented our automatic abstraction technique and we have evaluated
our new algorithm on several interesting examples of infinite state Petri nets taken from
the literature. It turns out that our technique finds low dimensional systems that are
sufficiently precise abstractions to establish the correctness of complex systems. We
also have run our algorithm on finite state models of well-known mutual exclusion
protocols. On those, the reduction in dimension is less spectacular but our algorithm
still finds simplifications that would be very hard to find by hand.

To the best of our knowledge, this work is the first that tries to automatically abstract
Petri nets by lowering their dimensionality and which provide an automatic refinement
when the analysis is not conclusive. In [10], the authors provide syntactical criterion to
simplify Petri nets while our technique is based on semantics. Our technique provides
automatically much coarser abstractions than the one we could obtain by applying rules
in [10].

Due to the lack of space the omitted proofs can be found in a technical report avail-
ableathtt p: // www. ul b. ac. be/ di /ssd/cfv/publications. htm!

2 Preliminaries and Outline

We start this section by recalling Petri nets, their semantics and the coverability prob-
lem. Then, we recall the main properties of existing algorithms to solve this coverability
problem. We end the section by giving an outline of our new algorithm.

Petri Nets and Their (Concrete) Semantics. In the rest of the paper our model of
computation is given by the Petri net formalism. Given a set S we denote by |S| its
cardinality.

Definition 1 (Petri nets). A Petri net N is given by a tuple (P, T, F, mq) where:

— P andT are finite disjoint sets of places and transitions respectively,

- F = (Z,0) are two mappings: T,O: P x T +— IN describing the relationship
between places and transitions. Once a linear order has been fixed on P and on
T, T and O can be seen as (|P|,|T|)-matrices over N (IN'PXIT1 for short). Let
t € T, Z(t) denote the t-column vector in IN'* of T.

— my Is the initial marking. A marking m € NPl is a column vector giving a number
m(p) of tokens for each place p € P.

Throughout the paper we will use the letter & to denote | P|, i.e. the dimensionality of
the net. We introduce the partial order <C IN* x IN* such that for all m,m’ € INF .
m < m/ iff m(i) < m/(i) for all ¢ € [1..k] (where [1..k] denotes the set {1,...,k}).
It turns out that < is a well-quasi order (wqo for short) on INF meaning that for any
infinite sequence of markings m, ma, ..., my, ... there exists indices ¢ < j such that
m; < mj.
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Definition 2 (Firing Rules of Petri net). Given a Petri net N = (P, T, F,mg) and
a marking m € IN* we say that the transition t is enabled ar m, written m(t), iff
Z(t) < m. If t is enabled at m then the firing of t at m leads to a marking m’, written
m(tym’, such that m’ = m — Z(t) + O(t).

Given a Petri net we are interested in the set of markings it can reach. To formalize the
set of reachable markings and variants of the reachability problem, we use the following
lattice and the following operations on sets of markings.

Definition 3. Let k € IN, the powerset lattice associated to IN® is the complete lattice
(p(]Nk), c,u,n, 0, ]Nk) having the powerset of IN* as a carrier, union and intersection
as least upper bound and greatest lower bound operations, respectively and the empty
set and INF as the C-minimal and C-maximal elements, respectively.

We use Church’s lambda notation (so that ' is AX. F'(X)) and use the composition
operator o on functions given by (f o g)(z) = f(g(x)). Also we define fi*! = fio f
and f = A\z.x. Sometimes we also use logical formulas. Given a logical formula v
we write [¢] for the set of its satisfying valuations.

Definition 4 (The predicate transformers pre, pre, and post). Let N a Petri net
given by (P, T, F,myg) and let t € T, we define pre y[t], pre y[t], post 5 [t]: p(INF) —
o(IN*) as follows,

prexlt] € AX. {m e IN* | 3m/: m’ € X Am(t)ym'}
pren[t] € AX. {m e IN* | Z(t) & m v m € prey[t](X)}
posty[t] L AX. {m/ € N* | Im:m e X Am(t)ym'} .

The extension to the set T of transitions is given by,

Iy = AX . User IN[EI(X) if fv is prey or post y
AX. Nier [N[EIX) for fn = prey.s

In the sequel when the Petri net IV is clear from the context we omit to mention N as
a subscript. Finally we recall a well-known result which is proved for instance in :
forany X,Y C IN* we have

post(X) CY & X C pre(Y) . (Ge)

All those predicate transformers are monotone functions over the complete lattice
(p(]Nk), c,u,n, (D,]Nk) so they can be used as building blocks to define fixpoints
expressions.

In p(IN*), upward-closed and downward-closed sets are particularly interesting and
are defined as follows. We define the operator | (resp. 1) as AX. {z/ € IN¥ | 3z: 2 €
XAz <a}@esp. AX. {o/ ¢ N* |3z: 2 € X Az < 2'}). Aset S is <-downward
closed (<-dc-set for short), respectively <-upward closed (<-uc-set for short),
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iff | S = S, respectively 1S = S. We define DCS(IN¥) (UCS(IN)) to be the set of
all <-dc-sets (<-uc-sets). Those closed sets have natural effective representations that
are based on the fact that < is a wqo. A set M C IN* is said to be canonical if for any
distinct , y € IN* we have = £ y. We say that M is a minor set of S C Nk if M C S
andVs e Sdm e M: m < s.

Lemma 1 ([13]). Given S C ]Nk, S has exactly one finite canonical minor set.

So, any <-uc-set can be represented by its finite set of minimal elements. Since any
<-dc-set is the complement of a <-upward-closed, it has an effective representation.
Sets of omega-markings is an equivalent alternative representation [2]].

We now formally state the coverability problem for Petri nets which corresponds to
a fixpoint checking problem. Our formulation follows [12]].

Problem 1. Given a Petri net N and a <-dc-set .S, we want to check if the inclusion
holds:

IfpAX. {mo} U post(X) C S (1)
which, by [[12, Thm. 4], is equivalent to
{mo} C gfpAX. S Npre(X) . 2)

We write post*(myg) and pre”(S) to be the fixpoints of relations (I)) and (@), respec-
tively. They are called the forward semantics and the backward semantics of the net.
Note also that since S is a <-dc-set, post*(mg) C S if and only if | (post*(mg)) C S.

Existing Algorithms. The solutions to problem[lfound in the literature (see [14} [13]])
iteratively compute finer overapproximations of | (post*(my)). They end up with an
overapproximation R satisfying the following properties:

posty(mg) CR (A1)
R € DCS(IN%) (A2)
postny(R) CR (A3)
posty(mg) TS —-RCS (A4)

The solutions of [14}[T3]] actually solve problem[Ilfor the entire class of well-structured
transition systems (WSTS for short) which includes Petri nets and many other interest-
ing infinite state models. In [2]] the authors show that | (post*(my)) is computable for
Petri nets and thus the approximation scheme presented above also encompasses this
solution. All these solutions have in input an effective representation for (1) the initial
marking my, (2) the predicate transformer post 5y associated to the Petri net N and (3)
the <-dc-set S.

In the literature, see for example [4]], there are also solutions which compute the set
pre” (S) by evaluating its associated fixpoint (see (@)). Since [4], this fixpoint is known
to be computable for WSTS and thus also for Petri net.!

! The fixpoint expression considered in [4] is actually different from (@) but coincides with its
complement.
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All these algorithms for Petri nets suffer from the explosion caused by the high dimen-
sionality of the state spaces of practical examples. In this paper, we develop an analysis
that reduces the dimensionality of state spaces that are explored during verification.

Overview of Our Approach. In order to mitigate the dimensionality problem, we
adopt the following strategy. First, we define a parametric abstract domain where sub-
sets of IN* are abstracted by subsets of IN* where k' < k (k' being a parameter). More
precisely, when each dimension in the concrete domain records the number of tokens
contained in each place of the Petri net, in the abstract domain, each dimension records
the sum of the number of tokens contained into a set of places. Using this abstract do-
main, we define abstract forward and abstract backward semantics, and define efficient
algorithms to compute them. In those semantics, sets of markings are represented by
subsets of ]Nk/. If the abstract semantics is not conclusive, it is refined automatically
using a refinement procedure that is guided by the inconclusive abstract semantics.
During the refinement steps, we identify important concrete sets and refine the current
abstract domain to allow the exact representation of those sets.

The rest of our paper formalizes those ideas and is organized as follows. In Sect. 3,
we define our parametric abstract domain and we specify the abstract semantics. We
also show how the precision of different domains of the family can be related. In Sect. 4,
we define an efficient way to overapproximate the abstract semantics defined in Sect. 3.
In Section 5 shows how to refine automatically abstract domains. We define there an
algorithm that given a concrete set M computes the coarsest abstract domain that is
able to represent M exactly. In Sect. 6, we put all those results together to obtain our
algorithm that decides coverability by successive approximations and refinements. In
Sect. 7, we report on experiments that show the practical interest of our new algorithm.

3 Abstraction of Sets of Markings

Partitions. At the basis of our abstraction technique are the partitions (of the set of
places).

Definition 5. Let A be a partition of the set [1..k] into k' classes {Ci}icp.i). We
define the order = over partitions as follows: A < A" iff VC € A3C' e A’: C C (.
It is well known, see [[[G], that the set of partitions of [1..k] together with < form a
complete lattice where {{1},...,{k}} is the <-minimal partition, {{1,...,k}} is the
=<-maximal partition and the greatest lower bound of two partitions Ay and As, noted
Ay N Ay is the partition given by {C' | 3C1 € A1 3C5 € Ag: C=C1NCy AC # (0}
The least upper bound of two partitions A1 and As, noted A1 Y As is the finest partition
such that given C' € Ay U Ay and {a1,a2} C C we have 3C" € A1 Y Az: {a1,a2} C
.

Partitions will be used to abstract sets of markings by lowering their dimensionality.
Given a marking m (viz. a k-uple) and a partition A of [1..k] into &’ classes we abstract
m into a k’-uple m’ by taking the sum of all the coordinates of each class. A sim-
ple way to apply the abstraction on a marking m is done by computing the product of a
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matrix A with the vector of m (noted A-m). So we introduce a matrix based definition
for partitions.

Definition 6. Let A be a partition of [1..k] given by {C;}ic[1..1). We associate to this
partition a matrix A 1= (a;j)w xk sSuch that a;; = 1if j € C;, a;; = 0 otherwise.
So, A € {0,1}¥ %k We write A¥'** to denote the set of matrices associated to the
partitions of [1..k] into k' classes.

We sometimes call such a A an abstraction.

Abstract Semantics. We are now equipped to define an abstraction technique for sets
of markings. Then we focus on the abstraction of the predicate transformers involved
in the fixpoints of (1) and @).

Definition 7. Ler A € A¥** we define the abstraction function os: p(INF) —
p(]Nk/) and the concretization function v : p(IN*) — o(IN®) respectively as follows

aa CAX {Az|reX} AN {z|AreX]).

In the following, if A is clear from the context, we will write «v (resp. ) instead of
a (resp. v4). Given the posets (L, <) and (M,C) and the maps « € L — M,y €
M — L, we write (L, <) <_L» (M, C) if they form a Galois insertion [[I1]], that is

(03

Vee LVye M: a(x) Cy <z < y(y) and ooy = A\x. 2.

Proposition 1. Let A € A* **, we have (p(IN¥), ) <_%» (p(IN*), ©).

Proof. From Def.[]lit is clear that v and y are monotone functions.
Let X C N¥and YV C NV,

a(X)CY

c{Az|zeX}CY def.[]]
SVrizeX - AzeY

X C{z|AzeY}

= X CH(Y) def.[7

We now prove that & o v(Y') = Y. First, note that for all y € Y there exists x € vy(y). In
particular, given y € Y we define = € IN® such that for any i € [1..k’] all components
of class C; equals to 0 but one component which equals to y(4). It is routine to check
that A -z = y,ie. x € y(y).

aey(Y)=a{z|AzeY))
={Az|AxeY} def.[]
=Y by above O
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Given a Galois insertion, the theory of abstract interpretation [11]] provides us with a
theoretical framework to systematically derive approximate semantics. The concrete
forward semantics of a Petri net IV is given by posti (mg). Since we have a Galois
insertion, post’y; (mo) has a unique best approximation in the abstract domain. This
value is a(postyy (mo)).

Unfortunately, there is no general method to compute this approximation without
computing post’; (mg) first. So instead of trying to compute this abstract value, we
compute an overapproximation. Let F be an overapproximation of a(post} (mo)) and
let B be an overapproximation a(pre i (S)). The following lemma shows the usefulness
of such approximations.

Lemma 2. Given a Petri net N and a <-dc-set S we have
V(F) € S — postiy(mo) € §
{mo} € v(B) — posty(mo) € S

Abstract interpretation tells us that to compute an overapproximation of fixpoints
of a concrete function, we must first approximate this function by an abstract function
and compute the fixpoint of this abstract function in the abstract domain. Among the
abstractions of a function f is the most precise one. In [[[1] the authors show that, in the
context of a Galois insertion, themost precise approximation of f is unique and given by
a o f o~.So to approximate a(post i (mo)) and a(pre  (S)) we obtain the following
fixpoint expression in the abstract domain:

fpAX. a({mo} Upost(v(X)))  and  gfpAX.a(SNpre(v(X))) , ()

respectively. This definition naturally suggests to concretize the argument, then apply
f and finally to abstract its result. In practice applying this methodology leads to in-
efficient algorithms. Indeed the explicit computation of v is in general costly. In our
settings it happens that given an effective representation of M the effective representa-
tion of the set (M) could be exponentially larger. In fact, let A be a partition of [1..k]

given by {C;}ici.) and let o € IN", we have |y(i)| = [Licp. v (m(?(;:ll(z"il_l).
Section[lis devoted to the definition of the most precise approximation without explic-

itly evaluating ~.

Refinement. As mentioned in Sect. [2 our algorithm is based on the abstraction re-
finement paradigm. In that context, if the current abstraction A; is inconclusive we
refine it into an abstraction A;; which overapproximates sets of markings and predi-
cate transformers more precisely than A;. Here follows a result relating the precision of
abstractions with their underlying partitions.

Lemma 3. Ler A, A’ be two partitions of [1..k] such that A < A" and M C INF,
Ya o aa(M) Cyaroaa (M) .

So by refining partitions, we refine abstractions. We will see in Sect. 5] how to use this
result systematically in our algorithm and how to take into account previous computa-
tions when a refinement is done. The following result tells us that if two partitions are
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able to represent exactly a set then their /ub is also able to represent that set. So, for any
set M there is a coarsest partition which is able to represent it.

Lemma 4. Let A, A1, Ay be three partitions of [1..k] such that A = Ay Y Ay and
M C IN*, we have

o va, caa, (M) M .
lf{'YAQOOéAQ(M)gM then ya o ax(M) C M . )

Proof. First given an abstraction A, we define uy = v4 o ay. Let m € M and
m’ € pa({m}). We will show that there exists a finite sequence 4, ,pa,,,- - Ha,,
such that m' € pa, o pa,, o...opa, ({m})andVj € [1.n]:d; € [1..2]. Then we
will conclude that m’ € M by left hand side of (@).

It is well known that given a set .S, the set of partitions of .S coincides with the set of
equivalence classes in S. So we denote by = 4 the equivalence relation defined by the
partition A.

We thus get m’ € pa({m}) iff m’ is obtained from m by moving tokens inside the
equivalence classes of = 4. More precisely, let v € IN, and a, b two distinct elements of
[1..k] such that (@, b) €=, and two markings my, ma € IN* such that

mi(q) +v ifg=a
ma(q) =S mi(q) —v ifg=0b
m1(q) otherwise.

Intuitively the marking my is obtained from m, by moving v tokens from b into a. So,
since on one hand b and a belong to the same equivalence class and, on the other hand
ms and my contain an equal number of tokens we find that mg € 4 ({m1}).

Now we use the result of [16, Thm. 4.6] over the equivalence classes of a set. The

theorem states that (a, b) €= 4 iff there is a sequence of elements ¢y, . .., ¢,/ of [1..k]
such that

(ciycit1) €=a, or  (ci,Ciy1) €=a, %)
fori € [1.n' — 1] and @ = ¢1, b = ¢, From ¢y, . .., ¢,y we define a sequence of n'’

moves whose global effect is to move v tokens from b into a. So given my, the marking
obtained by applying this sequence of n’ moves is mo. Moreover, by eq. (3) we have
that each move of the sequence is defined inside an equivalence class of =4, or =4,.
Hence each move of the sequence can be done using operator j14, Or (i 4,.

Repeated application of the above reasoning shows that m’ is obtained by moving
tokens of m where moves are given by operators 14, and p4,. Formally this finite
sequence of MOVes fi4; , HA,, ;- - -, HA;, issuch that

Vje[ln]:ij €[1.2] and m' € pa, opa, o...opa, ({m}) .

i2

Finally, left hand side of () and monotonicity of i, , p14, shows that m’ € M. O
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4 Efficient Abstract Semantics

In this section, we show how to compute a precise overapproximation of the abstract
semantics efficiently without evaluating the concretization function . For that, we show
that to any Petri net N of dimensionality k and any abstraction A € A* ** we can
associate a Petri net N of dimensionality &’ whose concrete forward and backward
semantics gives precise overapproximations of the abstraction by A of the semantics of
N given by (@).

Abstract Net. In order to efficiently evaluate the best approximation of post y [t] and
pre [t] foreach t € T', without explicitly evaluating y, we associate for each IV and A
a Petri net N.

Definition 8. Let N be a Petrinet given by (P,T', F,my) and let A € ARk We define
the tuple (P, T, F, mg) where

- Pisaset of k' places (one for each class of the partition A),
- F'=(Z,0) is such that T YA Tanda® ¥ 4.0,

— g is given by A-my.
The tuple is a Petri net since ing € ]Nlpl, andf, Oe NUPHTD We denote by N this

Petri net.

To establish properties of the semantics of this abstract net (given in Prop.[2land Prop.[3]
below), we need the technical results:

Lemma 5. Let A € A¥** qnd X C IN*,

’YOJ,(X)ZLO'Y(X) and aol(X):loa(X) :

In the sequel we use the property that the abstraction function « is additive (i.e. a(A U
B) = a(A) U«a(B)) and that 7y is co-additive (i.e. y(AN B) = v(A) N ~(B)).

Forward Overapproximation. The next proposition states that the most precise ap-
proximation of the predicate transformer post ,; is given by the predicate transformer
post g, of the abstract net.

Proposition 2. Given a Petrinet N = (P, T, F,myg), A € A XE and N the Petri net
given by def.[8 we have
AX. a0 post o y(X) = AX. post (X)) .

Proof. Definition @ states that post 5 = AX. | J,cp post y[t](X). Thus, for t € T, we
show that o o post [t] o y(m) = post g[t](11). Then the additivity of a shows the
desired result.
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Foreacht € T, for each m € ]Nk/,

a o post n[t] o y(m)
= a o posty[t]({m | m € y(m)})

=a({m—Z(t) +O() | m € (i) NI(t) < m}) def.
= {A-(m—TI(t) + O)) | m € y(1h) AZ(t) < m} def.[7

={Am—-AZt)+ A O®F) | me~ym)ANI(t)<m}

={a(m)—AZ({t)+ A O@) | m € v(m) ANI(t) < m} def of o

={m—-AZ{t)+ A O®F) | m e ~v(m) NZ(t) < m} —
= {m—TZ(t) + O@) | m € v() AI(t) < m} def.
= {1 —Z(t) + O(t) [ {Z(t)} € | o v(m)} def of |
= {im —Z(t) + O() | {z<t>} Cvye ()} Lem. B
= {m—Z(t)+O(t) | a({Z(t)}) C | ()} —
={m—-Z(t)+0) |Z(t) < m} def. [
= post x [t](m) def. 2 0

The consequences of PropQlare twofold. First, it gives a way to compute a o post 5 © 7y
without computing explicitly  and second since post i, = « o post o v and N is a
Petri net we can use any state of the art tool to check whether post’ (o) € «(S) and

conclude, provided v o a(S) = 5, that y(post’ (mo)) C S, hence that post, (mg) €
S by Lem.

Backward Overapproximation. The backward semantics of each transition of the
abstract net is the best approximation of the backward semantics of each transitions
of the concrete net. However, the best abstraction of the predicate transformer pre 5
does not coincide with pre x as we will see later. To obtain those results, we need some
intermediary lemmas (i.e. Lem. [6] [l and [§)).

Lemma 6. Given a Petri net N = (P, T, F,mq) and A € A¥ ** we have

AX. a0 prey o y(X) = AX. preg(X) .
Proof. The proof is similar to the proof of Prop.2with O (resp. (5) replaced by 7 (resp.
7) and vice versa. O
Lemma 7. Given a Petrinet N = (P, T, F,mq) and a partition A = {C}}jen..1 of
[1.k], if 3i € [1.k]: Z(i,t) > 0 and {i} & A then a({m € IN* | Z(t) & m}) = N*.

Proof. Besides the hypothesis assume i € C; and consider [ € [1..k] such that | € C;
and [ # i. The set {m € IN* | Z(¢) & m} is a <-de-set given by the following formula:

\/ zp < I(p,t).
pE[L..k]
Z(p,t)>0
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We conclude from ¢ € [1..k] and Z(i,t) > O that [x; < Z(¢,t)]={(v1, -, Vi, ..., V) |
vi < Z(i,t)}, hence that o([z; < Z(i,1)]) = IN¥ by {i,I} C C; € A, and finally

that a([z; < Z(i,t)]) € a([V pen..k) zp < Z(p,t)]) by additivity of c. It follows that
Z(p,t)>0

a({m e N* | Z(t) £ m}) = a<uv§(euj.k]o zp < I(p,1)]) = NV, u

Lemma 8. Givena Petrinet N = (P, T, F,my), apartition A = {C}}jen..1 of [1..K]
and N the Petri net given by def.B if for any i € [1..k]: Z(i,t) > 0 implies {i} € A,
then a({m € N* | Z(t) ¢ m}) = {m e N¥' | Z(t) & m)}.

Proof
a({m e N* | Z(t) £ m})
={A-m|meN"AZ(t) £ m}) def. of
={A-m|meN"ANA-Z(t) £ A-m} hyp.
—{A-m|meNAZ(t) ¢ A-m} def. of 7
—{meN|3ImelN:m=A mAZ(t) £ m}
— {meN"|Z(t) ¢ m} tautology u|

We are now ready to state and prove that pre g [t] is the best approximation of pre y [t].
Proposition 3. Given a Petri net N = (P, T, F,mq), a partition A = {Cj}jcn1.x
of [1..k] and N the Petri net given by def.[8 we have

_ N* if3i € [1.K]: |Ci| > 1AT(i,t
AX. o prey[t] o y(X) = N if ZE.[ ¢l > (i,¢)>0

AX. preg[t](X) otherwise.

Proof
a o prey[t] o y(5)
= aoprey[t]({m € N* | m €~(5)})

— a({m | (Z(t) £ m) v (Z(0) < m Am — (1) + O(1) € 7(S)}) det. of e y ]
=a({m|Z#) £ mPHUa({m|Zt) <mAm—I(t)+O(t)€~(S))}) additivity of
=a({m | Z(t) £ m})Uao prey[t] o v(S) def of pre \ [t]
=a({m | Z(t) £ m}) U preg[t](9) by Lem.[d

We now consider two cases:
- Ji € [1.k]: Z(i,t) > 0 and {i} ¢ A. From Lemma[7] we conclude that o o
prey|t] o () = N¥
- Vi € [1..k]: Z(i,t) > 0 implies {i} € A. In this case we have
ae preylt] e 1(S) = {m e N* | Z(t) & m} Upreg[f)(S)  byLem.B
— e [11(S) def of e y 1
O
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Now, let us see how to approximate pre 5. We can do that by distributing @ over N as
shown below at the cost of an overapproximation:

afp(AX. a(S N prey o (X)) @

= gfp(AX.a(S 1 () pren(t] o ¥(X))) def of pre
teT

C gfp(AX.a(S)N [ aopreylt] e ¥(X))  a(ANB)Ca(d)Na(B)
teT

Thus, this weaker result for the backward semantics stems from the definition of
prey given by (),. prey[t] and the fact that a is not co-additive (i.e. a(A N B) #
a(A) Na(B)).

5 Abstraction Refinement

In the abstraction refinement paradigm, if the current abstraction A; is inconclusive it
is refined. A refinement step will then produce an abstraction A; 1 which overapproxi-
mates sets of markings and predicate transformers more precisely than A;.

We showed in Lem. [3 that if partition A refines A’ (i.e. A < A’) then A represents
sets of markings (and hence function over sets of markings) more precisely than A’.
Note also that the partition A where each class is a singleton (i.e. the <-minimal parti-
tion) we have 4 o a4 (S) = S for any set of markings S. Thus the loss of precision
stems from the classes of the partition which are not singleton.

With these intuitions in mind we will refine an abstraction A; into A;;1 by splitting
classes of A; which are not singleton. A first idea to refine abstraction A; is to split
a randomly chosen non singleton class of A;. This approach is complete since it will
eventually end up with the <-minimal partition which yields to a conclusive analysis
with certainty. However, we adopt a different strategy which consists in computing for
A,41 the coarsest partition refining A; and which is able to represent precisely a given
set of markings.

Now we present the algorithm refinement that given a set of markings M com-
putes the coarsest partition A which is able to represent M precisely. The algorithm
starts from the <-minimal partition then the algorithm chooses non-deterministically
two candidate classes and merge them in a unique class. If this new partition still rep-
resents M precisely, we iterate the procedure. Otherwise the algorithm tries choosing
different candidates. The algorithm is presented in Alg.[Il

Let A = {Ci}iep..i1) be a partition of [1..£], we define Ac, = {C;} U {{s} | s €
[1..k] A s ¢ C;}. We first prove the following lemma.

Lemma9. Let A = {C;}ic1..1) be a partition of [1..k], M C IN* we have:

yaeaa(M)CM & N yag, o aaq (M) S M .
CieA
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Algorithm 1. refinement

Input: M/ C IN¥

Output: a partition A of [1..k] such that y4 o axq(M) C M

Let Abe {{1},{2},...,{k}}:

while E'Ci,Cj cA: C; 7’5 Cj andyAciucj o aAciqu (M) C M do
1 Let €5, Cj € Asuch that C; # Cj and yac, e, © @ac,ue, (M) S M;
2 A= (AN{C;,CjH) U{C; UG}

The following two lemmas and the corollary state the correctness and the optimality of
Alg.[l

Lemma 10. Given M C ]Nk, the partition A returned by refinement(M ) is such that
YA © aA(M) =M.

Proof. Tnitially A = {{1},...,{k}} sova o aa(M) =M andsoy4 o ax(M) C M
which is an invariant maintained by the iteration following Lem. a

Lemma 11. Given M C IN* and A be the partition returned by refinement(M ). There
is no partition A’ with A < A’ and A # A’ such that v o ap (M) = M.

Proof. Suppose that such a partition A’ exists. Since A < A’, 3C;,C; € A3IC' €
A" (C; #C;) ANC;UC; C C'. We conclude from Lem.Qland var o aear (M) C M.

By monotonicity we have that Y., ¢, © Qac,uc, (M) € vag, © aa,, (M) C M.
Since M C Yac,ue, © @Ac,ue, (M) by Galois insertion, we conclude that Y., ¢, ©
QAc,uc;y (M) =M.

Hence, the condition of the while loop of the refinement algorithm is verified by A,
hence the algorithm should execute at least once the loop before termination and return
a partition A” such that A < A” and A # A”. O

Putting together Lem. @ and [Tl we get:

Corollary 1. Given M C IN®, the partition A returned by refinement(M) is the coars-
est partition such that v o aa(M) = M.

6 The Algorithm

The algorithm we propose is given in Alg. 2l Given a Petri net NV and a <-dc-set .S, the
Algorithm builds abstract nets N with smaller dimensionality than N (line[), analyses
them (lines [BF13), and refines them (line [[3) until it concludes. To analyse an abstrac-
tion N, the algorithm first uses a model-checker that answers the coverability problem
for N and the <-dc-set o;(S) using any algorithm proposed in [14]). Besides
an answer those algorithms return an overapproximation of the fixpoint post*N(n/z\o)
that satisfies A1—4. If the model-checker returns a positive answer then, following the
abstract interpretation theory, Algorithm 2] concludes that posty (mg) C S (line [6).
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Otherwise, Algorithm [ tries to decide if {mo} ¢ prey(S) checking the inclusion
given by (@) (line[0F13). The fixpoint of @) is computable ([4]) but practically difficult
to build for the net N and S. Hence, our algorithm only builds an overapproximation by
evaluating the fixpoint on the abstract net N instead of N, i.e. we evaluate the fixpoint
9fpAX. i (S)N(,er @i © prey[t] o (X)) whose concretization is an overapproxima-
tion of gfpAX. S N pre, (X). Since the abstractions N have a smaller dimensionality
than N, the greatest fixpoint can be evaluated more efficiently on N. Moreover, at the
ith iteration of the algorithm (7) we restrict the fixpoint to the overapproximation R;
of post’, (ai(mo)) computed at line 3 and (ii) we consider a;(Z;) instead of «;(S).
Point (¢) allows the algorithm to use the information given by the forward analysis
of the model-checker to obtain a smaller fixpoint, and point (i¢) is motivated by the
fact that at each step i we have gfpAX. a;(S) N R; N (), @i © prey[t] o v:(X) €
a;(Z;) C a;(S). That allows us consider a;(Z;) instead of «;(.S) without changing the
fixpoint, leading to a more efficient computation of it (see [4]] for more details). Those
optimisations are safe in the sense that the fixpoint we evaluate at line@ldoes not contain
a;(mo) implies that posty (mg) € S, hence its usefulness to detect negative instances
(line [I0).

If the algorithm cannot conclude, it refines the abstraction. The main property of
the refinement is that the sequences of Z/s computed at line [l is strictly decreas-
ing and converge in a finite number of steps to prey(S) N R where R is an in-
ductive overapproximation of post} (myp). Suppose that at step i, we have Z;11 =
pren (S)NR. Hence, yi+1 © a1 (pren (S)NR) = pren (S) NR. If postyy (mg) C S
then post’ (mo) C prey(S) N'R and the abstract interpretation theory guarantees
that post’ (@i+1(mo)) € i1 (prey (S) NR) C ait1(S), hence the model-checker
will return the answer OK at iteration ¢ + 1. Moreover, if posty (mo) € S then
{mo} & prey(S), hence {mo} € prey(S) N'R, and the algorithm will return KO
at step i + 1 because we have Z; ;1 = prey(S) N'R, hence {mo} € a;1(Ziy1) by
monotonicity of «v; 1 and Z;11 does not include {mg}. Again, we do not evaluate the
greatest fixpoint pre y (S) because the dimensionality of N is too high and the evalua-
tion is in general too costly in practice. Hence, we prefer to build overapproximations
that can be computed more efficiently.

We now formally prove that our algorithm is sound, complete and terminates.

Lemma 12. In Algorithm[2 for any value of i we have posty (mg) C vi(R;).

Proof. We conclude from condition Al that posty (mo) < R;, hence that
a;(posty (mp)) € R, by abstract interpretation and finally that posty (mo) C 7 (R;)

by ‘T—l» O

Proposition 4 (Soundness). If AlgorithmPlsays “OK” then we have post*(mg) C S.
Proof. 1f Algorithm says “OK” then

R: C «;(S)

= %i(Ri) € i o i (S) 7; is monotonic
=7 (R;)) C S Line2I3land Lem. 10l
= posty(mo) C S Lem.[12
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Algorithm 2. Algorithm for the coverability problem, assume {mg} C S
Data: A Petri net N = (P, T, F,my), a <-dc-set S

1 ZO =S

2 Ap = refinement(Zy)

3fori=0,1,2,3,... do

4 Abstract: Given A;, compute N given by def.[§l

Verify: (answer,R;) = Checker(myg, post 5, ;(.S))

5
6 if answer == OK then

7 return OK

8 else

9 LetS; = gfpAX. Ozi(Zi) NR; mﬂtETai 0]5\7”/61\[[15] O'Yi(X)
10 if my € S; then

1 return KO

12 end

13 end

14 Let Ziyy = Z;Nyi(Ri) Noprey (7i(Si))

15 Refine: Let A;y; = A; A refinement(Z;41)

16 end

We need intermediary results (Prop.[3] and Lem. [I3)) to establish the completeness of
Algorithm[2] The following result is about greatest fixpoints.

~

Proposition 5. Let S, R, R C IN* such that R C R, post(R) C R and post(ﬁ) CR.

afpAX. (SN RN pre(X)) = RN gfpAX. (SN RN pre(X)) .

Lemma 13. In Alg.Qif post’;(mqg) C S then for any i we have post’y,(mg) C Z;.
N N

Proof. The proof is by induction on <.

base case. Trivial since line[I] defines Z; to be .S.

inductive case. Line [0 shows that ~;(S;) overapproximates gfpAX.Z; Nvy;(R;) N
pre (X)), hence that Z; 11 2 gfpAX. Z; Nv;(R;) N pre (X)) by line[T4l

posty (mo) C Z hyp
= posty(mo) C gfpAX. Z;